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1. Preliminaries

This section collects the basic notions used throughout the paper.

1.1. SuperHyperGraph

A graph models relationships using vertices and edges, representing connections or interactions among entities in mathematics, computer
science, and networks [1, 2]. A hypergraph extends an ordinary graph by allowing hyperedges that may join more than two vertices, which
makes it suitable for modeling multiway relations in many areas [3, 6—11]. Known related concepts include Directed HyperGraphs[12, 13],

Soft HyperGraphs[14, 15], Fuzzy HyperGraphs[16—18], and Neutrosophic HyperGraphs[19-23].

A SuperHyperGraph augments this idea by organizing vertices and edges through iterated powersets, thereby enabling hierarchical and
self-referential linkages; see, e.g., [24-28]. Beyond theory, SuperHyperGraphs have seen use in applications such as molecular and network
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modeling and signal processing [29-34]. Throughout, the parameter z in the n-th (non-)empty powerset and in an n-SuperHyperGraph is a
nonnegative integer.

Definition 1.1 (Base set). A base set S is the underlying universe from which all objects are formed. Formally,
S = {x | x belongs to the specified domain }.

All elements of constructions such as P (S) and 2, (S) are ultimately drawn from S.

Definition 1.2 (Powerset). [35] For a set S, the powerset &2 (S) is the family of all subsets of S:
P(S)={A|ACS}.

Definition 1.3 (Hypergraph [3, 36]). A hypergraph is a pair H = (V(H),E(H)) where

* V(H) is a nonempty set of vertices;
o E(H) C 2*(V(H)) is a set of nonempty subsets of V(H) (the hyperedges).

In this work we consider only finite hypergraphs.

Example 1.4 (Real-life Hypergraph: Project Teams in a Company). Let the vertices be employees
V = {Alice, Bob, Chloe, Dan}.

Define three project teams as hyperedges
e; = {Alice,Bob,Dan}, e; ={Bob,Chloe}, e3={Alice,Chloe,Dan}.

Then the hypergraph is H = (V,E) with E = {e1,ep,e3} C 2*(V).

Basic counts.

V| =4, |E| =3, ler] =3, |ea| =2, |e3| =3 (non-uniform).

Vertex degrees. Forv eV, degy(v) =|[{e € E:veel|
degy(Alice) =2, degy(Bob) =2, degy(Chloe) =2, degy(Dan)=2.

Incidence matrix. With vertex order (Alice, Bob,Chloe, Dan) and edge order (ey,e3,e3),

1 0 1
1 1 0
MH)= 14 1
1 0 1

2-section (clique expansion). Two employees are adjacent iff they appear together in some team. The induced simple graph has edges
{A.B},{A,C},{A.D}, {B,C},{B,D},{C,D},
i.e., the complete graph K4. Co-membership counts (as edge weights) are
w(A,B)=1, w(A,C) =1, w(A,D) =2, w(B,C) =1, w(B,D) =1, w(C,D) = 1.
This model captures multiway team interactions that ordinary graphs (pairwise only) cannot.
Definition 1.5 (n-th powerset). (cf. [37—40]) For a set H and n > 1, define recursively
P\(H):=PH),  Ppi(H):=P(Pu(H)).
The n-th nonempty powerset &2, (H) is defined analogously by
PiH) = PH), P (H) = PP (H)).
where *(H) := Z(H) \ {0}.
Example 1.6 (A real-life reading of the n-th powerset: baskets — promotions — campaigns). Let the base set of products be
H = {Milk, Bread, Eggs}.
Then the first powerset 2\ (H) = 2 (H) (all possible shopping baskets) is
P(H) = { 0, {Milk}, {Bread}, {Eggs}, {Milk,Bread}, {Milk,Eggs}, {Bread,Eggs}, {Milk,Bread, Eggs} }
An element of the second powerset ,(H) = 2( 2 (H)) is a promotion, i.e. a set of baskets. For instance,
F1 = { {Milk}, {Bread,Eggs} }, F> = {0, {Milk, Bread, Eggs} }.

Since each listed basket belongs to 2\ (H ), we indeed have F\, %, € Z5(H).
An element of the third powerset 23(H) = 2(2,(H)) is a campaign, i.e. a set of promotions. For example,

€ ={F, 2} € P3(H),
because F|,Fr € P>(H).

P\ (H): all baskets a customer could buy. 2,(H): a retailer’s promotion, specified as a collection of eligible baskets. &73(H): a marketing
campaign, specified as a collection of promotions. This realizes the recursion Py, 1(H) = P (P, (H)) in a concrete setting.
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Definition 1.7 (n-SuperHyperGraph). [4, 41, 42]
Let Vyy be a finite base vertex set. Define the iterated powerset by

,@O(Vo) = VO7 ,@k_H (Vo) = @(@k(VO)) (k > 0),

and write 7*(X) := P (X) \ {0} for the family of all nonempty subsets of a set X. An (undirected, simple) n-SuperHyperGraph on Vy is a
pair

SHG" = (V,E)
such that
V C 2"(Vy) is finite, EC P7*(V).

Elements of V are called n-supervertices, and each e € E is a (nonempty) n-superedge, i.e. a finite subset of V. Equivalently, SHG™ is a
(simple) hypergraph whose vertex set is a finite subset of 2" (Vy); the incidence relation 1 CV X E is given by vie < v € e.

Example 1.8 (A 2-SuperHyperGraph). Let the base set be Vo = {a,b,c}. Then P (Vy) consists of

0, {a}, {b}, {c}, {a,b}, {a,c}, {b,c}, {a,b,c},

and @2(‘/0) = @(@(Vg))
Define three 2-supervertices (each is a subset of P (Vy), hence an element of 2*(Vy)):

Sy = {{a},{b,c}},  S:={0,{p}},  S3:={{a,c}}.
Set the vertex set and hyperedge set as

Vi=1{81,5,8}C 2*(Vy), E:={ei,ea} C P (V),
with

e :={81,8}, e :={82,53}.

Then SHG®) ;= (V,E) is a (simple, undirected) 2-SuperHyperGraph.
Verification (universe membership):

{a},{b,c},0,{b},{a,c} € P(Vy) = §1,5,,853 € P*(Vp),

and ey, ey are nonempty subsets of V, so E C Z*(V).

Example 1.9 (A 3-SuperHyperGraph). Let Vo = {a,b,c} as above. First choose elements of 22 (Vy) (i.e., subsets of Z(Vy)):
Al ::{{a}7{b}}7 AZ = {{a,b},{c}}, A3 = {0}

Since each A; C P (Vy), we have A1,As,Az € P%(Vy).
Define three 3-supervertices (each is a subset of 2*(Vy), hence an element of 23 (Vy)):

Ur={A1, A3}, Uai={A},  Us:={A1,A2}.
Set

Vi={U,Up,Us} C PP (Vo),  E'={fi.h}C PV,
with

fi={U1.0},  f2:={U,,Us}.

Then SHG®) := (V' |E') is a valid (simple, undirected) 3-SuperHyperGraph.
Verification (universe membership):

A1,A,A3 € <@2(V0) = U;,U,,Uz € (@3(‘/0),

and f, f> are nonempty subsets of V', hence E' C 22*(V').
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1.2. MetaGraph(Graph of Graph)

A MetaGraph is a graph whose vertices are themselves graphs, with edges representing specified relations between those graphs (cf.[43, 43—
47)).

Definition 1.10 (Metagraph (graph of graphs)). (cf.[48]) Fix a nonempty universe & of finite graphs (undirected, loopless by default) and a
nonempty family of binary relations

R C P(BxS).
A metagraph over (&, %) is a directed, labelled multigraph
M = (V,E,s,t,A)
with
VCe, s,t:E—V, AE— 2,
satisfying the incidence constraint

Ve € E: (s(e), t(e)) € Ale).

Elements of V are meta-vertices (each is a graph G € &). For e € E with A(e) = R, we write s(e) R, t(e) and call e a meta-edge. If # = {R}
is a singleton, labels may be omitted. If every R € X is symmetric, M can be viewed as an undirected labelled multigraph.

Example 1.11 (Real-life MetaGraph: cross-citing departments (graph of graphs)). Let & be the class of finite directed acyclic citation
graphs (vertices=papers, edges=citations). Consider three department graphs

Ges: V={ci,c2,¢3}, E={ca—=ci, c3—0a},
Ggio: V ={b1,b2}, E = {by— b1},
GMath : V = {m1,ma}, E = {my—m}.

Let X be the set of observed cross-department citations:
X ={c3—b1, cy—my, by—cy, my—cy }.
Define the directed relation Ry on & by the numeric threshold
¢(G,H) = |{(p.q) eV(G)xV(H): p—q <X}, (G,H) €R; <= ¢(G,H)>T.
With © = 1, the counts are
¢(Ges, Gaio) =1, ¢(Gcs,Gman) =1, ¢(GBio;Ges) =1, ¢(Gmam, Ges) = 1,
all others = 0. Hence the metagraph over (&,{R|}) is
M= (V.E;s,t,A), V ={Gcs,Ggio; GMan};
with (edge set and maps made explicit)

E = {61762763,84}, l(ei) =R (i: 1,...,4),
s(er) = Gcs, t(er) = Gpio,  s(e2) = Gcs, t(e2) = Guarh,
s(e3) = Ggio, t(e3) = Gcs,  s(e4) = Gmarh, 1(e4) = Ges.

By construction, each incidence satisfies (s(e;),t(e;)) € Ry because the corresponding c(-,-) = 1.

2. Review and Result of this Paper

This section provides an explanation and discussion of the review and results presented in this paper.
2.1. Iterated MetaGraph(Graph of Graph of ... of Graph)

An Iterated MetaGraph is a graph whose vertices are metagraphs, recursively extending graph-of-graphs structure to multiple hierarchical
levels.

Definition 2.1 (Unit metagraph embedding). For X € & define the unit metagraph

uX) = ({x},0.-_.).

This gives an injective map U : & — Obj(Meta(&,%Z)).
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Example 2.2 (Unit metagraph embedding: a single project as a meta-vertex). Real-life setting. Let & be the universe of finite directed email
graphs inside a company, where a vertex is an employee and a directed edge u—v means “u sent an email to v’
Consider one specific project’s internal email graph

Gphoenix = (V.E),  V={p1,p2}, E={p2—p1}.
Unit embedding. Its unit metagraph is
U(GPhoenix) = ( {GPhoenix }7 07 - - - )7

i.e., a metagraph with the single meta-vertex Gphoenix and no meta-edges.
Concreteness check (injectivity on this instance). If another project Gogon € ® satisfies Gorion 7 Gphoenix» then

{GOrion} 7é {GPhoenix} = U (GOrion) 7é U (GPhoenix ) )
so U distinguishes distinct base graphs in this concrete scenario.

Definition 2.3 (Relation lifting). Given % on &, define its liftt Z1 on finite metagraphs over (&, %) by
YREeZ, (M;,My)cR' < IxcV(M;),ycV(M): (x,y)€R.
Set %" .= {R" : R € #}.

Example 2.4 (Relation lifting: departments related by one cross-project email). Base universe and relation. Let & again be company email
graphs. Define a cross-project email log

X={s1—nr},
and for G,H € ® put the count

c(G,H) :=|{(u,v) €V(G)xV(H) : u—veEX}|
Let the base relation be

(G,H) € Rpail <= ¢(G,H) > 1.
Concrete projects (graphs).

Gsales : V= {s1,2}, E={s2—s1},
Gsupport : V = {ur,u2}, E={up—u },
GResearch : V ={r1,mn}, E={rn—r}.

From X we compute
¢(Gsales; GResearch) = 1, all other c(-,-) = 0.
Hence
(Gsales: Gresearch) € Rmail-
Metagraphs and the lifted relation. Form two (finite) metagraphs over (&,{Rai }):
My : V(M1) = {Gsales, Gsupport};  E(M1) =0,
My : V(M) = {GResearch }, E(M2) =0.
The lift R;ail satisfies

(My,M>) € R

mail

<= xeV(M),y V(M) : (x,y) € Rmail-

Witness. Take x = GSaleS’ y= GResearch- Since C(GSaleSa GResearch) = 1’ we have (x7y) S Rmailr hence (Ml 7M2) S Rjnaﬂ-

Definition 2.5 (Iterated object and relation universes). Define recursively fort € Ny:
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Example 2.6 (Iterated universes: projects — departments — companies). Step t = O (base objects and relations). Let &0 = & pe project
email graphs and %0 = {Rmai1 }, where R is defined from the cross-project log

X={ay—=by, by—cy, aj—>c2}.
Concrete project graphs:

Gy: V=A{ay,a}, E={a— a1},
Gp: V=A{b1,by}, E={by,— D1},
Ge: V=A{c,a}, E={cs—c1}.

Cross counts derived from X :
¢(Ga,Gp) =1, ¢(Gp,Gc)=1, ¢(Ga,Gc)=1, others =0.
Thus
(Ga,Gg), (G, Gc), (Ga,Gc) € Rmail-
Step t = 1 (metagraphs over (6(()),9? ©) )). Define two department metagraphs ( &) contains such objects):
Mpepit = (V,E,s5,t,4), V ={Ga,Gp}, E ={eap}, s(eap) = Ga, t(ean) = Gp, A(ear) = Rmail,
which is valid because (Ga,Gp) € Ruail; and
Mpepr = (V!E' ', ', 1), V' ={Gc}, E' =0.
The lifted relation family is Z#\") = {R;ail} with

(M,N) €R'

mail

< JxeV(M),yeV(N): (x,y) € Rmail-

Verification. Using x = Gp € V(Mpept1) and y = G¢ € V(Mpepr2) and ¢(Gp,Ge) = 1, we have
(Mbept1, Mpep) € RL.;
eptl, I Dept2 mail *

Step t =2 (metagraphs over (6(1),%(])) ). Now &) consists of finite metagraphs whose vertices are department metagraphs. Define two
companies:

CoX: V ={Mpep1 }, E=0; CoY: V= {Mpepa}, E=0.
The relation family lifts again to #?) = {(R;ail)T}. By definition,

)' <= IM € V(CoX),N € V(CoY): (M,N) €R

mail”

(CoX,CoY) € (R!

mail
Witness. Take M = Mpepi1, N = Mpepa; we verified (Mpept1 ,Mpep2) € Rjnaﬂ above, hence

(CoX,CoY) € (Rl ).
Conclusion. This realizes the recursion

el = {finite metagraphs over (Qﬁ(t),%m)}, R = (%(’))T,
with explicit numeric witnesses at each level (t =0,1,2).

Definition 2.7 (Iterated MetaGraph of depth t). Fort € Ny, an iterated metagraph of depth 7 is a metagraph

Vec EO: (s (e), 10 (e)) € A1) (e).

Remark 2.8. Depth O vertices are graphs; depth 1 vertices are metagraphs of graphs; depth 2 vertices are metagraphs whose vertices are
metagraphs of graphs; etc. Edges are always certified by the corresponding lifted relation at that depth.
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Example 2.9 (Real-life Iterated MetaGraph: universities built from departmental metagraphs). Fix the same thresholded relation Rt on
departmental citation graphs as above.
University A has two departments with internal paper-level graphs

A 2 A 2
Ges: {az—»ar}, Gyt {ay—ay},
and within-A cross-citations
Xa = {agaal],} = C(Géstéio) =1
Thus the (depth-0) metagraph for A is
Mp = ({Gls,Gh; A =GR =Gl Alea) =R
A ({ CS>» B]0}7{3A}7S7t7 )7 S(eA) CS» t(eA) Bio>» (eA) 1-
University B has departments
GEs : no internal edge, GBp: {bh—bLY,
and within-B cross-citations
Xg = {bi—by} = <(GEs,Gan) = 1,
s0
Mg = ({GE, G A =G8 =GB, Aes) =R
B ({ CS>» Math}7{eB}vsvt7 )7 S(EB) CS» t(eB) Math> (eB) 1-
Now define cross-university citations
Xpsg={a—by},  Xpoa={bi—al}.
The lifted relation RT on metagraphs (as in the iterated construction) satisfies
(Ma,Mg) €R| <= 3G eV(Mp),HEV(Mg): (G,H)ER,.
Numerically,
A B
(Ghio Ghtan) = 1 = (Ma, Mg) € R},
(GEs,GA) = 1= (Mg,Mp) €R].
Hence the iterated metagraph (depth 1) of universities is
M:(V(l),E(])7S(]),[(1)71(1)), V(l):{MAvMB}v
EW ={Ep_g,Egn}, sV (Ens) =Ma, 1"V (Ea_g) = M,
s (Ega) = Mg, 1V (Egn) =Ma, A1) () =Rl
Each edge satisfies the incidence constraint by the explicit counts c(-,-) = 1 shown above.

Example 2.10 (Iterated MetaGraph of depth 3: airlines — alliances — consortia — clusters). We build the structure level by level and verify
every incidence numerically.

Level 0 (base graphs: airline route graphs). Let the set of airports be of = {X,Y,Z,W,V}. Define five finite (undirected, simple) graphs,
each representing an airline’s direct-flight network:

Ga:V={XY}, E={{X,Y}}, Gar:V={r.Z}, E={{V,Z}},

Gpi:V={W,.X}, E={{W,X}}, Gp:V={ZW}, E={{Z,W}},

Ger:V={V,W}, E={{V,W}}.
Let name(G) € {A1,A2,B1,B2,C1} be the airline code.

Codeshare relation at level 0. Let the symmetric “codeshare list” be
2 ={ (Al,A2), (B1,B2), (Al,Bl), (A2,B2), (B1,C1) }.
Define

1, (name(.G),name(H)) € X orits swap, (G.H) € Ry = c(G.H) 1.
0, otherwise,

¢(G,H) :—{

Thus Rcs € {Ga1,Ga2,Gg1,GB2,Gel }2 is a well-defined symmetric binary relation.
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Depth 1 (metagraphs of airlines: alliances). Form three metagraphs whose vertices are the airline graphs, with meta-edges labeled by
Res:

Ma = (Va,Ea,s,t,14),  Va ={Ga1,Gaz},
Ep ={ea}, s(ea) = Ga1, t(ea) = Gan, A(ea) = Res;
Mg = (V,Eg,s,t,A), Vs ={Gg1,Gn2},
Eg = {ep}, s(ep) = Ggi, t(es) = Gp2, A(eB) = Res;
Mr = (Vr,Er,s,t,4), Vr={Gci}, Er=0.
Incidence check at depth 1. We have
C(GA1>GA2) = 17 C(GBI7GB2) = 1>
hence (s(e),t(e)) € Res for e € {ea, e}, as required.
Depth 2 (metagraph of alliances: consortia). Lift R to alliances by
(M,N) € Rly < 3xe V(M),yeV(N): (x,y) € Rs-
Define the “consortia” metagraph
M®? = (v E® @) @ 1)) v = (M M, My,
with edges
E(Z) = {EA%B> EB*}F}7 l(2>() = sz
and
s (Exsp) =Ma, 1P (Eap) =Mp, s (Ep_r) = Mg, (P (Eg_r) = Mr.

Incidence check at depth 2. Witness for Ex_p: take x = Ga1 € V(Mp), y = Gp1 € V(Mg), then c(x,y) =1 = (x,y) € Rcs, hence
(Ma,Mp) € st. Witness for Eg_,r: x=Gp € V(Mg), y = Gc1 € V(Mr), so c(x,y) = 1 and (Mg, Mr) € RIS. By design there is no edge
Ma — M since ¢(Ga1,Gci) = ¢(Ga2,Gcr) = 0.

Depth 3 (metagraph of consortia: clusters). Form two “cluster” vertices whose elements are consortia (i.e., vertices of M®):
ENorth := {Ma,Mg }, Csouth := {Mr}.

Lift once more:
(¢,9)eRY < IMec¢,Ne2: (M,N)eR.

Define the depth-3 metagraph
M3 — (V<3),E<3>,s(3),l(3),1(3)), v3 — {%North7<g50uth}~,

with a single edge ENorth—sSouth labeled A0) = Rzz and

3 3
s (Exorthssoutn) = ENortns 1) (ENorthsSouth) = Csouth-

Incidence check at depth 3 (explicit witnesses). Choose M = Mg € GNorth and N = Mr € Gsoun- From the depth-2 verification, (Mg, Mr) €
RIS via the pair (Gg1,Gc1) with ¢ = 1. Therefore (€North, €South) € RQ , and the incidence constraint for Exoph—sSouth holds.

In summary, we have explicitly constructed an Iterated MetaGraph of depth 3: airline route graphs (level 0) — alliances (depth 1) —
consortia (depth 2) — clusters (depth 3), with all edges justified by concrete codeshare witnesses at each lift.

Theorem 2.11 (Iterated MetaGraphs generalize MetaGraphs). Every metagraph M over (&,2) is (canonically) isomorphic to an induced
sub-metagraph of some depth-1 iterated metagraph over (6(1),%’(1)). In particular, the depth-0 case is exactly Definition of metagraph.

Proof. Let M = (V,E,s,t,A) be a metagraph over (&,Z). Define a vertex map
oy vV — 6 dy (X) := U(X).

For each e € E with A(e) =R € % and (s(e),t(e)) € R, create a depth-1 edge

@x(e): U(s(e)) 5 U(e(e)).
This is well-defined because
(U(s(e)), U(t(e))) € R < 3xe{s(e)},ye{tle)}: (x,y) €ER — (s(e),t(e)) €R,

using the definition of U and of RT. Let M(!) be the depth-1 metagraph with vertex set ®y (V) and edge set @ (E). Then (dy,Pr) is a
label-preserving metagraph isomorphism from M onto the induced sub-metagraph of M (1) on @y (V), since

Ae)=R = A (@g(e)) =R,

and incidence is preserved by the equivalence above. Hence any (depth-0) metagraph embeds canonically into a depth-1 iterated metagraph.
The assertion that depth 0 recovers the Definition is immediate from Definitions 2.5-2.7. O
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2.2. MetaHyperGraph(HyperGraph of HyperGraph)

A MetaHyperGraph is a hypergraph whose vertices are themselves hypergraphs, with hyperedges encoding relations among these component
hypergraphs.

Notation 2.12. For a set X, write P, (X) for the family of all finite (possibly empty) subsets of X and Z§ (X) 1= Pgn(X) \ {0}.

Definition 2.13 (Directed hypergraph). A directed hypergraph is a tuple H = (V,E,T,Hd) with V a vertex set, E an edge set, and
T,Hd : E — P,(V) the tail/head maps such that T (e) UHd(e) # 0 for all e € E.

Definition 2.14 (MetaHyperGraph over (i, %)). Let il be a nonempty universe of objects and let
% C 2 Pin() x Pt )

be a nonempty family of admissible set-relations. A MetaHyperGraph over (U, %) is a labelled directed hypergraph
M= (V,E,T,Hd,\)

withV CU, T,Hd : E — P, (V), A : E — 2%, satisfying the incidence constraint
VecE: (T(e),Hd(e)) € Ale).

Vertices in' V are meta-vertices. If L is the class of finite hypergraphs, we say that M is a HyperGraph of HyperGraphs.

Remark 2.15. Undirected MetaHyperGraphs are obtained by requiring each R € % to be symmetric and identifying (T,Hd) with (Hd,T).
Ordinary directed metagraphs (graphs of graphs) arise when every hyperedge is a pair of singletons; see Theorem 2.17.

Example 2.16 (Real-life MetaHyperGraph: hospital departments sharing patients). Let each vertex be a finite (undirected) hypergraph
whose vertices are patient IDs and whose hyperedges are procedure sessions. Consider three departmental hypergraphs:

Hraa: V=A{p1.p2.p3}, E={{p1,p2}, {P2,p3}}
Hcaa @ V={p2,ps}, E={{p2}, {P2,p4}},
Hone : V={p1,p2,ps5}, E={{p1,p2}, {p2,r5}}

Define the admissible set—relation R, on finite families of departmental hypergraphs by
(S,T) € Rshare <= Ix (patient ID) such thatVH € SUT, dec E(H): x€e.
Form a MetaHyperGraph M = (V,E, T,Hd, L) over ({HRad,Hcard, Honc } s { Rshare }) With
V ={Hpad,Hcard:Honc},  E={e1},  T(e1) = {Hrad:Hcaa}, Hd(e1) = {Honc}
and A(e1) = Rghare- Verification of the incidence constraint:
(S,T) = (T(e1),Hd(e1)) = ({Hraa, Hcara}, {Honc })-
Take x = py. Then
p2€{p1,p2} € E(Hpaa), p2€{p2} € E(Hcura), P2 €{p1,p2} € E(Honc),

50 (S,T) € Rghare, hence (T (e1),Hd(e1)) € A(e1) as required.

Theorem 2.17 (MetaHyperGraphs generalize MetaGraphs). Fix a universe $\ and a family of binary relations %, C (4 x \1). Embed %,
into set—relations by

v — PP x Pn@)), R) = {({xh DY | () €R).

Then the full subcategory of MetaHyperGraphs over (3,1(%>)) with edges satisfying |T (e)| = |Hd(e)| = 1 is (canonically) equivalent to the
category of labelled directed metagraphs over (3, %5).

Proof. Given a MetaHyperGraph M = (V,E,T,Hd, 1) with |T (e)| = |Hd(e)| = 1, define a metagraph
= (V7E’s7t7)'2)

by s(e) the unique element of T'(e), ¢(e) the unique element of Hd(e), and A;(e) the unique R € %, with A(e) = 1(R). The incidence
constraint gives

(T(e),Hd(e)) € A(e) =1(R) <= ({s(e)}.{t(e)}) €LR) += (s(e).t(e)) €R,

hence M is a metagraph over (4, %5).
Conversely, given a metagraph M = (V,E,s,t,A;) over (4, %>), set
(e

M= (V.E,T,Hd,\),  T(e):={s(e)}, Hd(e) = {t(e)}, Ale) :=1(Ar(e)).

Then (T (e),Hd(e)) € 1(A2(e)) holds iff (s(e),?(e)) € Az(e), so M is a MetaHyperGraph. These two constructions are mutually inverse on
objects and morphisms, giving the claimed equivalence. O
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Theorem 2.18 (MetaHyperGraphs generalize HyperGraphs). Let X be a nonempty set and define the trivial admissible relation
U = Z,(X) x {0} C Ppn(X) X Ppn(X),
and % := {U}. The assignment
®: MetaHyperGraphs over (X, %) with Hd(e) =0 <— (undirected) hypergraphs on X
given by
®: (V=X,E,T,Hi=0,A=U) — H= (X, Ey), Ey:={T(e):ecE},
is a bijection on isomorphism classes. In particular, every undirected hypergraph arises as a specialization of a MetaHyperGraph.

Proof. For any specialized MetaHyperGraph as stated, the incidence constraint reads (7'(¢),0) € U, which is tautologically true for all
nonempty T(e) € Zf (X). Thus Ey :={T(e) : e € E} C &{ (X) defines a hypergraph H = (X ,Ep).

Conversely, given any hypergraph H = (X,Ep), define E := Ey, T(e) := e, Hd(e) := 0 and A(e) := U; then (T'(e),0) € U holds by
definition, so M = (X,E, T,Hd, ) is a MetaHyperGraph over (X,%). Isomorphisms clearly match under these maps, yielding a bijection
on isomorphism classes. O

2.3. Iterated MetaHyperGraph(HyperGraph of HyperGraph of ... of HyperGraph)

An Iterated MetaHyperGraph is a hypergraph whose vertices are meta-hypergraphs, recursively building hypergraph-of-hypergraph structures
over multiple hierarchical depths.

Definition 2.19 (Lift of set-relations for iteration). Ler l, Z be as above. For R € % and MetaHyperGraphs My = (V1,...), My = (V,...)
over (1, %), define the lift Rt on P, ({M}) x Pgn({M}) by

(S,T)eR" <= IM S, NeT, A € P, (V(M)), BE Pn(V(N)): (A,B) €R.
Set Z" = {Rﬂ :ReZR}.
Definition 2.20 (Iterated universes). Define recursively fort € Ny:
40 .= s, 20 .= X,
Yl = {ﬁnite MetaHyperGraphs over (Ll(’) ,9?(’))},
) . (g(ﬁ)ﬂ,
Definition 2.21 (Iterated MetaHyperGraph of depth 7). Fort € Ny, an Iterated MetaHyperGraph (IMHG) of depth ¢ is a MetaHyperGraph
M© — (V(’>,E(’>,T(’>,Hd(’),7t(’))
over (U1, %0, ie, v Cu®), 20 EO) — 20), ana
Vec EV: (TW(e), Hd"(e)) € LV (e).

Remark 2.22. Depth 0 vertices are base objects; depth 1 vertices are MetaHyperGraphs of base objects; depth 2 vertices are MetaHyper-
Graphs whose vertices are MetaHyperGraphs, etc. Edge labels are always drawn from the lifted family at the corresponding depth.

Example 2.23 (Real-life Iterated MetaHyperGraph: hospitals linked by transfers). Within Hospital A, define departmental hypergraphs
(patients {p1, p2, 4, ps}):

Hpya o V={p1.p2}, E={{p1.p2}},
Héard : V={p2,ps}, E={{p2}},
Hgue oV ={p2,ps}, E={{p2.ps}}.
As in the first example, with Rgpare, build the (level-0) MetaHyperGraph
Ma = (Va.Ea, Ta.Hdp, An), V= {Hiya HEua> Hone )
with a meta-hyperedge ep:
Ta(ea) = {HléadeCAard}ﬂ Hdp(ep) = {Hénc}v

Aa(en) = Rohare

witnessed by patient p;.
Within Hospital B (patients {p,, p3}), define

HE . V={pr.ps}, E={{p2}},  HEu:V=1{ps}, E={{ps}}.

Its MetaHyperGraph Mg has a meta-hyperedge eg with

T(eg) = {HEq}. Hdg(eg) = {HE ).
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Ag (eB) = Rshare;

witnessed by patient p3.
Now form the Iterated MetaHyperGraph at depth 1 whose vertices are the level-0 MetaHyperGraphs

7 = {Ma, Mg}.

Use the lifted relation Rl

share”

(S,T) Rl

share

<~ IMeS,NeT,3ACV(M),BCV(N): (A,B) € Ryhare-
Define one meta-hyperedge Ep_,g with

TW(Eag)={Ma},  Hd"(Er ) ={Mg},

A (Epg) =Rl .
Incidence check (explicit witnesses): choose

M = Mp, N = Mg,

A B

A ={Hpy} CV(Ma), B={Hgyq} CV(Mg).

Patient p, satisfies

P2 € {p27p5} S E(Hénc)a P2 S {p2} S E(HIEad)a

hence (A,B) € Ryyare, s0 (T (Epp), Hd" (Ep_p)) € K],

share- 1/1us the depth-1 Iterated MetaHyperGraph correctly captures an inter-
hospital linkage induced by shared patient p;.

Example 2.24 (Depth 1 IMHG: Universities linked by cross-department coauthorship). Base universe (t = 0). Let 4O pe the class of
finite (undirected) department hypergraphs H = (V,E), where V is a set of author IDs and E C &7*(V) lists multi-author papers. Define the
admissible set—relation on finite families of such hypergraphs:

(S,T) € Rauthor < 3Ix (author ID) s.t. VH € SUT Je€c E(H) : x€e.
Two universities as MetaHyperGraphs over (Ll(o), {Rauthor } )- Department hypergraphs (author IDs are global):
Heg: V={aj,a}, E={{a1,a2}},
Hn: V ={a,a3}, E = {{az,a3}},
HEo: V ={b1,a2}, E={{b1,a2}},
Hpyys o V ={az,b2}, E = {{az,b2}}.
Build university-level MetaHyperGraphs My, Mp:
Ma = (Va,Ex, T, Hda, Aa),  Va = {Hs, Hian }»
with one meta-hyperedge ez :
Ta(ea) = {Hes}, Hda(ea) = {Hypan},  Aa(ea) = Rauthor:
certified by the witness x = ap since ay € {aj,a} € E(Hés) and ay € {ay,a3} € E(Hlelath)' Similarly,
Mp = (Vp,Ep, Ts, Hdp, Ag), Vs ={Hpio,Hpnys},
with one meta-hyperedge ep:
Tp(es) = {HE,,}, Hdp(ep) = {Hpny}, As(es) = Rauthor:
certified by x = ay since a, € {by,a,} € E(HE, ) and ay € {ap, by} € E(thys).
Depth t = 1 (IMHG over (V) %2V)). Lift the relation:

(S,T)eR"

author

Define the depth-1 IMHG
M — (V(l),E(U,T(U,Hd(l),l(l)), vy — {M4, Mg},

< IMeS,NeT,3ACV(M),BCV(N): (A,B) € Rauthor-

with one meta-hyperedge E5_,p:

TW(Esp) ={Ma},  HdD(Esp) =M},  AV(Esp) =R, .
Incidence check (explicit witnesses). Take M = My, N = Mp and
A= {H{j} CV(Ma),  B={Hg,} CV(Mp).

Yandx € {by,a} € E(Hgio), hence (A, B) € Rauthor and (T(l)(EAHB),Hd(U(EAﬁB)) =

o A
With x = ap, we have x € {ay,a3} € E(Hgy author’

as required.

ath
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Example 2.25 (Depth 2 IMHG: Retail stores — chains via shared products). Base universe (t = 0). Let 4 pe finite department hypergraphs
= (V,E) where V is a set of product IDs and e € E is a bundle/promotion (a set of products). Define the admissible set-relation:

S,T) € Ryod < Ix (product) s.t. VH € SUT de € E(H) : x € e.
p

Store-level MetaHyperGraphs over (5.1(0) {Rprod })- Departments as hypergraphs:

Hlocery * V = {Milk, Bread}, E = {{Milk, Bread}},
H[S)‘eh V = {Bread, Cheese}, E = {{Bread,Cheese}}7

H(Sfmcery : V. ={Milk,Eggs}, E = {{Milk7 Eggs}},

Hgfikery : V = {Bread,Eggs}, E = {{Bread, Eggs} }.

Stores as MetaHyperGraphs:

s ys
Ms, = (V1i,E1, T1, Hdy Av), Vi = {HGgocery Hpen )

with meta-hyperedge e\ labeled Ryoq:

Ti(ey) = {Gmcery} Hdy(er) = {Hp. b, Mi(er) = Rprods

witnessed by x = Bread. Similarly

s HS
Ms, = (V2,E2, Tr, Hdp, A2), = {Hgtocery Hpakery }

with meta-hyperedge e;:

TZ(eZ) { Grocery} HdZ(eZ) = {Hégkeryh l2(32) = Rprod>

witnessed by x = Eggs.
Depth t = 1 (regional IMHG). Lift Ryoq:

(S, T) e Rl

M od < IMES, NET, 3ACV(M),BCV(N): (A,B) € Ryroa-

Define

M — (V(l),E(1>7T(U,Hd(l)ﬂt(l)), v — {Ms,,Ms, },

with one meta-hyperedge Eg, _.s, labeled Rgmd

T(l)(Eslﬁsz):{MSl}v Hd(l)(E51—>52):{M52}'

Incidence witness at depth 1. Choose M = Mg, N = Mg,,

S S
A= {HGlrocery} SAYP B= {HGzrocery} (SRR
and x = Milk. Since Milk € {Milk,Bread} € E( Gmcery) and Milk € {Milk,Eggs} € E( Gmcery), we have (A,B) € Rprod, hence
(T (Es, .s,), HdD (s, _5,)) € Rl .
Depth t =2 (chain-level IMHG). Form chain-level MetaHyperGraphs over (U1, % {Rprod})"

CNorh: V={Ms, }, E=0;  Csoun: V={Ms,}, E=0.
Lift again: Z%) = {R od} Define the depth-2 IMHG

M2 =@ E@ 7 H4® 2@ v = {CNorns Csouth }»
with one meta-hyperedge ENorth—sSouth-

T (Enorth—ssouth) = {CNorth ) Hd™ (Enorth—south) = {Csoutn}s 2 (EnorthsSouth) = Rglld'

Incidence witness at depth 2. Take M = Ms, V(CNorth) and N = Mg, € V(Csouth)- We already proved (M,N) € Rgrod via A = {Hg}lrocery 3
B = {Hoery ) x=Milk. Therefore

(T (Extorths0uth)s Hd® (ENorth ssouth)) € Rg:od,
verifying the depth-2 incidence explicitly.
Theorem 2.26 (IMHGs generalize MetaHyperGraphs). Depth 0 IMHGs are exactly MetaHyperGraphs over (3, Z).

Proof. By Definitions 2.20-2.21, taking ¢t = 0 yields 4O = g{ and 29 = %, hence IMHGs of depth O are precisely MetaHyperGraphs
over (L, Z). O
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Definition 2.27 ((Recall) Metagraph and its lift). Let & be a universe and 2 C 2 (® x &) a family of binary relations. A (labelled)
metagraph over (6, 2) is a directed, labelled multigraph M = (V,E,s,t, A) withV C &, s,t : E -V, A 1 E — 2, and (s(e),t(e)) € A(e)
for all e. Its standard lift is: for R € 2 and metagraphs My, M,

(M1,Mp) €R" <= Fx€V(M)),y€V(M): (x,y) ER.
Define iterated metagraph universes by 60 := &, 20) .= 9 and

&) .= {finite metagraphs over ("), 21)},

2D . (9",

Definition 2.28 (Singleton embedding of binary relations). Embed 2 into set-relations by

t: 2— P(Pin(®)x Pin(®)), 1(R):={({x}, ] | () €R}.
Lemma 2.29 (Lift commutes with 1 on singletons). Lett > 0. View 1 levelwise, i.e. as
1220 = P(Pn(81) x Py (1))
. Then
(®)" N (M} {Nh} = 1(R")
forallR e 2.
Proof. By Definition 2.19, for ({M},{N}) we have
({M},{N}) € (u(R)"
< JACV(M),BCV(N): (A,B) €1(R)
= IxeV(M),yeV(N): ({},}) € UR)
< IxeV(M),yeV(N): (x,y) €R
<~ (M,N)eR".
This is exactly ({M},{N}) € 1(R"). O

Theorem 2.30 (IMHGs generalize Iterated MetaGraphs). Fixt > 0. Consider IMHGs over (Q§<’ ), l(£2(’ ) )) and restrict to the full subcategory

IMHG(lt) in which every hyperedge e satisfies |T") (e)| = |Hd\") (¢)| = 1. Then IMHth) is canonically equivalent to the category of iterated
metagraphs of depth t over (6(’) , Q<’>).

Proof. Define functors F; and G, (mutually inverse on objects and morphisms).
(F; : metagraph — IMHG) Given a depth-f metagraph

MY = (V,E s,;t,A) over (&) 20))

set M) .= F,(M(’)) with the same vertex set V, edge set E, and for each e € E put

Incidence holds because (s(e),7(e)) € A(e) iff ({s(e)},{t(e)}) € 1(A(e)).
(G; : IMHG — metagraph) Given a depth-t IMHG in IMHG",
MO = (V,E,T,Hd, 1) over (6", 1(21))),

define M) := G,(M®)) with the same vertices V, edges E, and for each e take s(e), (e) to be the unique elements of T (e), Hd(e), and set
A(e) € 2 uniquely so that 1) (e) = 1(A(e)). Incidence is equivalent by the definition of 1.

Compatibility with depth- labels (which are lifts of depth-(z— 1) labels) follows from Lemma 2.29: the lifted label families correspond
under t when restricting to singleton tails/heads. Functoriality on morphisms (label-preserving incidence-commuting maps) is inherited
verbatim. Clearly G; o F; = id and F; o G; = id on the stated subcategory, yielding the claimed equivalence. O
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2.4. MetaSuperHyperGraph(SuperHyperGraph of SuperHyperGraph)

A MetaSuperHyperGraph is a superhypergraph whose vertices are themselves superhypergraphs, with superhyperedges describing relations
between these higher-order structures.

Notation 2.31. For a set X, write P4y (X) for the family of all finite subsets of X and Zf (X) := P;n(X) \ {0}. For a function f and a set
A, put flA]:={f(a):a € A}.

Definition 2.32 (Iterated singleton embedding). Let U be any set. Define jo : U — U by jo(x) := x and inductively jii1 : U — P(P*(U))
by jir1(x) :={jx(x) }. Thus j, : U < P"(U) is the canonical depth-n embedding.

Definition 2.33 (Directed n-SuperHyperGraph). Fix a base set Q and n € Ny. A directed n-SuperHyperGraph is a tuple
& =(V,E,T,Hd) with V C2"(Q), T,Hd:E — P (V),

such that T (e) UHd(e) # 0 for all e € E. (Undirected variants arise by requiring T (e) = Hd(e) for all e.)

Definition 2.34 (Universe of n-SuperHyperGraphs). Let G,
denote the class of all finite directed n-SuperHyperGraphs over arbitrary base sets. For

xe 2"(Q)
, the unit n-SuperHyperGraph at x is
Un(x) := ({x},0,.,-) € &,.
Definition 2.35 (MetaSuperHyperGraph over (S,,%)). Let S, be as above and let

% © P Pun(®0) x Pia(®1) )

be any nonempty family of admissible set-relations on n-SuperHyperGraphs. A MetaSuperHyperGraph (MSHG) over (&, %) is a labelled
directed hypergraph

M= (V,E,T,Hd,\)
withV C &, T,Hd : E — P, (V), and A : E — %, satisfying the incidence constraint
VecE: (T(e),Hd(e)) € A(e).
Vertices of M are (finite) n-SuperHyperGraphs; hyperedges relate finite families of such vertices.
Example 2.36 (Real-life MetaSuperHyperGraph: multi-department clinical cohorts). Let the national patient-ID universe be Q =
{ur,up,u3,us,us} and consider depth-1 SuperHyperGraphs (vertices are subsets of Q).
Department A (oncology) as a 1-SuperHyperGraph:
Hp = (VA,Ex, Ty, Hdy), Va={{ur,uz}, {uz,u3}}, Ep={ea},
TA(eA):{{ul,uz}}, HdA(eA):{{uz,u3}}.
Department B (radiology):
Hp = (Vg,Ep,Tp,Hdp), Vp={{uz,us}}, Ep=0.
Department C (cardiology):
Hc = (Ve,Ec,Tc,Hdc), Ve ={{ur,uz,us}t}, Ec=0.
Define the admissible set—relation on 1-SuperHyperGraphs
Rsharev © (S:T) € Rsharev <= Ix € Qs.t. VH € SUT JAy € V(H) withx € Ay.
Form the MetaSuperHyperGraph M = (V. E,T,Hd, ) over the universe V = {Hu,Hp,Hc} with one meta-hyperedge e*:
T(e") ={Ha,Hp},  Hd(e")={Hc},  A(¢")=Rsparev-

Incidence check (explicit witness): pick x =uy. Thenuy € {uy,uz} € Va, up € {up,us} € Vg, and up € {uy,uz,us} € Ve, so (T (e*),Hd(e*)) €
Rgharev as required.
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Example 2.37 (MetaSuperHyperGraph for urban transit agencies sharing a transfer hub (n=1)). Base (depth-1) SuperHyperGraphs. Let
the stop universe be Q = {s1,s2,53,54} (station/stop IDs). A 1-SuperHyperGraph has vertices that are subsets of Q.
Rail agency Hrail = (Vr, ER, TR, HdR):

VR = {{s1,9}, {s2,53}}, Er={er}, Tr(er) = {{s1,52}}, Hdr(er) = {{s2,53}}.
Bus agency Hgys = (Vs, Ep, Ty, Hdp):

Vg ={{s2.54}}, Ep=0.
Ferry agency Hrerry = (Vr, Ef, T, Hdr):

Ve ={{s2}}, Ep=0.

Each H, is a finite directed 1-SuperHyperGraph since Vo C P(Q) and Ty, Hde (when defined) map edges into P, (Ve).
Admissible set-relation on S. Define Ryyy, on finite families of 1-SuperHyperGraphs by

(S,T) € Ryyp <= Ix € QsuchthatVH € SUT Ay € V(H) with x € Ap.

Intuition: every agency in the tail and head “touches” the same transfer hub x.
MetaSuperHyperGraph over (S1,{Rpub }). Let

V = {Hrail, HBus, HFerry }, ~ E = {€*}.
Define the meta-hyperedge e* by

T(e") = {Hrait: Hpus},  Hd(e") ={Hpeny},  A(€") = Ruup-
Incidence verification (explicit witness). Choose x = s». Then

52 € {s1,52} € VR, 52 € {52,514} € Vg, 52 € {sr} € V.
Hence (T (¢*),Hd(e*)) € Ryub and the MSHG incidence constraint holds.

Example 2.38 (MetaSuperHyperGraph for online courses sharing a student across group-of-groups (n=2)). Base (depth-2) SuperHyper-
Graphs. Let the student universe be Q = {uy,uy,u3,uq,us}. A 2-SuperHyperGraph has vertices V C P2 (Q), i.e., each vertex is a set of
study groups (each group is a subset of Q).

Course ML HML = (VMLaEMLa TML,HdML)-'

Ay = {{ur,wo}, {uz,u3} ), Ay = {{us,uq}},

VmL = {A1,42}, EmL ={emrL}, TmL(emL) = {A1}, Hdmr(emL) = {A2}.
Course DS Hps = (Vps, Eps; Tps, Hdps):

By = {{uz.us}}, By={{ui,uz,us}}, Vps={Bi,B2}, Eps=0.
Course Al Har = (Var, Ear, Tar, Hday):

Cr = {{ua},{us}}, Var={C1}, Ear=0.

Each H, is a finite directed 2-SuperHyperGraph, since A;,B;,C| € P2 (Q) and the edge maps (where present) take values in Pgy(Ve).
Admissible set-relation on Gy. Define Ryygen on finite families of 2-SuperHyperGraphs by

(S,T) € Rstudent <= Ix € Q such thatVH € SUT Uy € V(H) 3Gy € Uy with x € Gy.

Intuition: the same student x occurs in at least one underlying group inside every course in the tail and head.
MetaSuperHyperGraph over (S, {Rgudent })- Let

V ={HwmvL,Hps,Hat},  E={e"}.
Define the meta-hyperedge e° by
T(e°)={HwmL},  Hd(¢°)={Hps,Hat},  A(e°) = Ryudent-
Incidence verification (explicit witness). Choose x = up. Then we can select
Uy, =A1 €VML, Gy, = {uo,u3} €A1, uz € Gy s
Uhps = B1 € Vps, Gyps = {ua,us} € By, uy € Gy
Uy,, =C1 €Var, Gpy = {uz} €Cy, uy € Gy,;.
Thus (T(eo),H d (eo)) € Rgtudent S0 the MSHG incidence constraint is satisfied.

Definition 2.39 (Singleton wrapping of relations). For n > 0 define

h: 2 — @(@ﬁn(en)x@ﬁn(en)), (R) = {(U,,[S},U,,[T]) : (s,T)eR}.
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Theorem 2.40 (MSHG D MetaHyperGraph). Fix n > 0. Consider the full subcategory MSHG},lnit of MSHGs over (Gn, ln(Q)) whose
vertex sets are contained in U,[81]. Then MSHGY™ is canonically equivalent to the category of MetaHyperGraphs over (1, 2).

Proof. Define mutually inverse functors on objects and morphisms.
(F : MHG — MSHG) Given H = (W, F,S,H, 1), put

Vi=U,[W], E:=F, T(e):=U,[S(e)], Hd(e):=Un[H(e)], Ale):=1,(u(e)).

Then (T'(e),Hd(e)) € 1,(1(e)) iff (S(e),H(e)) € p(e) by Definition 2.39, so M := F(H) is an MSHG in MSHG!M,
(G : MSHG — MHG) Conversely, let M = (V,E,T,Hd, 1) lie in MSHG!™. Write W := {x € | U,(x) € V } and define

Se):={xeW|Us(x)eT(e)},  H(e):={yeW|Uy(y) € Hd(e)}.

For each e choose (i(e) € 2 with A(e) = 1,(i(e)) (uniquely determined by Definition 2.39). Then (S(e),H(e)) € u(e) iff (T (e),Hd(e)) €
A(e),so H:=G(M) = (W,E,S,H,u) is an MHG. It is immediate that Go F =id and F o G = id. O

Theorem 2.41 (MSHG D SuperHyperGraph). Fix a base set  and n > 0. Let U denote the universal set—relation on Gy
U = Pn(6n) X Pin(6y), % :={U}.
The assignment
®: {directed n-SuperHyperGraphs on Q} — {MSHGs over (&,,%)}
given by
O(V,E,T,Hd) := (U,[V], E, Un[T(-)], Up[Hd(-)], A=U)
is a bijection on isomorphism classes. In particular, every n-SuperHyperGraph is a specialization of an MSHG.
Proof. For any n-SuperHyperGraph (V,E,T,Hd), the image has vertex set U,[V] and for each e € E,
(T'(e),Hd'(e)) = (Un[T(e)],Un[Hd(e)]) € U

by definition of U, hence ®(V,E,T,Hd) is an MSHG. Conversely, given an MSHG (V' E’ T’ Hd', A = U) whose vertices are all of the
form U, (x) with x € 27"(Q), define

Vi={x:U,(x) eV}, T(e):={x:U,(x) €T'(e)}, Hd(e) :={x:U,(x) € Hd'(e) }.

Then (V,E',T,Hd) is a directed n-SuperHyperGraph on Q. Isomorphisms correspond by the obvious componentwise identification, proving
the bijection on isomorphism classes. O

2.5. Iterated MetaSuperHyperGraph
(SuperHyperGraph of SuperHyperGraph of ... of SuperHyperGraph)

An Iterated MetaSuperHyperGraph is a superhypergraph whose vertices are meta-superhypergraphs, recursively extending superhypergraph-
of-superhypergraph structure across multiple hierarchical levels.

Definition 2.42 (Iterated universes for MetaSuperHyperGraphs). Fixn € Ny. Let G, be the class of all finite directed n-SuperHyperGraphs (as
used previously) and let # C f@(f@ﬁn (6,) X Pin (Gn)) be a nonempty family of admissible set—relations (as in the MetaSuperHyperGraph
section). Define, recursively fort € Ny,

G,(lo) =6,, 20 = X,
GSZHU = {ﬁnite MetaSuperHyperGraphs over (6,(1[),%(’>) },
R = (%(”)ﬂ7 where (S,T) € RT «—
IMeS,NeT, A€ P4, (V(M)),Be Pn(V(N)) : (A,B) €R.
(Here V(M) denotes the vertex set of M, and | is the same lifting operator used earlier.)

Definition 2.43 (Iterated MetaSuperHyperGraph (IMSHG) of depth ). Fort € Ny, an Iterated MetaSuperHyperGraph of depth ¢ is a
labelled directed hypergraph

MO = v EO 7O Fga® 20)

such that
v ceW, 7O g EO (@ﬁn(\/(t))’
A0 EO 5 50

and the incidence constraint holds:

Vec EV: (TW(e), Hd"(e)) € 1V (e).
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Example 2.44 (Real-life Iterated MetaSuperHyperGraph: hospital networks via shared cohorts). Extend the patient-ID universe to
Q' = {uy,up,u3,uq,us,uq}.
Hospital A uses the three 1-SuperHyperGraphs above and forms the MetaSuperHyperGraph

Ma = (Va,Ea,Ta.Hdp, An),
Va ={Ha,Hp,Hc},
with the meta-hyperedge e already verified by x = uy:
Ta(ea) = {Ha,Hp}, Hdp(ea)={Hc},
afA (eA) = Rsharev -
Hospital B builds two 1-SuperHyperGraphs using Q':
Hp = (Vp,Ep,Tp,Hdp), Vp={{uz,us}}, Ep =0;
Hg = (Vg,Eg,Tg,Hdg), Ve ={{uw}}, EE=0.
Its MetaSuperHyperGraph is
Mg = (Vs,Eg,Ts,Hdg, AB),
Ve ={Hp,HEg},
with one meta-hyperedge eg witnessed by x = uy:
Tg(eg) ={He}, Hdg(es)={Hp},
Ag(eB) = Rsharev -
Lift the relation to MetaSuperHyperGraphs (depth-1 lifting):

(S,T)eR"

L ey = IMES,NET, JACV(M),BCV(N): (A,B) € Ryparev-
Construct the depth-1 Iterated MetaSuperHyperGraph
M — (Vm,E(l),T(]),Hd(l),lm),
V) = {Ma, Mg},
with one meta-hyperedge Ep_,:
T (EpsB) = {Ma},
Hd"(Ep_g) = {Mg},
2 (En-B) = RghareV‘
Incidence verification (explicit witnesses): choose M = Mp, N = Mg,
A={Hs}CVp, B={Hp}CVs.
Take x = uy. Then up € {uy,up} € V4 and uy € {u,ug} € Vp, so (A,B) € Rsparev, hence
(TW(Epg), HI" (Ea_g)) R .
Therefore MW is a valid depth-1 Iterated MetaSuperHyperGraph linking hospitals by shared patient cohorts.

Example 2.45 (Depth 1 IMSHG: Open-source foundations linked by shared contributors (n=1)). Level t = 0: 1-SuperHyperGraphs
(projects). Let the contributor universe be Q = {dy,d,,d3,ds,ds}. A 1-SuperHyperGraph has V C 2 (Q), i.e., each vertex is a contributor

group.
Projects (each a finite directed 1-SuperHyperGraph):

Hyemel = (V. Ex. Tk, Hdk), Vi = {{d1,d2},{dr.d3}},
Eg = {ex}, Tx(ex) = {{d1,d2} }, Hdk (ex) = {{d2,d3} };
Hygors = (Vr,Er, Ty, Hdr), Vr = {{d2,ds}}, Er =0;
Hyeb = (Viw,Ew,Tw,Hdw), Vw = {{d3,ds},{d>}}, Ew =0;
Hyi = (Ve,Ec,Te Hdc), Ve ={{ds,ds}}, Ec =0.
Admissible set-relation on S. Define R.onuin on finite families of 1-SuperHyperGraphs by
(S,T) € Reonrib <= Ix € Qs.t. VH € SUT Ay € V(H) withx € Ap.

Intuition: all selected projects share at least one common contributor x somewhere in their group vertices.
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Level t = 0: MetaSuperHyperGraphs (foundations) over (S, {Rconuib })-
Mg = (Vi,E1, Ti,Hdy, Av), Vi = {Hkernels Hiools }

with one meta-hyperedge e :
Ti(e1) = {Hiemer}, Hdy(e1) = {Hoois}, Ai(e1) = Reontrib-

Witness for incidence: take x = dy; then dy € {d\,d>} € Vg and d, € {d>,ds} € V7.
Similarly,

Mgy = (V2,E2, T, Hda, A2), Vo = {Hyeb, Heii}
with meta-hyperedge e;:
Ty(e2) ={Hwep}, Hda(e2) ={Heii}, A2(e2) = Reontrib-
Witness: x = dy; indeed d, € {dy} € Vi and dy € {d,,ds} € V.
Level 1 = 1: IMSHG over (6", #V={R ). Define
M — (V(l),E(l),T(U,Hd(l),l(l)), v — {Mg1, Mg}
Introduce one meta-hyperedge Eg|_,g> with
T (Epop) = (Mg}, HdY (Epiop) = (Mi2}, AW (Epop) =RT
Incidence verification (explicit witnesses): Choose M = Mg;, N = Mg and
A={Hoois} Vi,  B={Hui} CV>.

With x = dy, we have dy € {dp,ds} € Vr and dy € {dy,ds} € V¢, hence (A,B) € Reonip and so

(T (Er1 k), HdY (Epyp2)) € R -
Therefore MW s a valid depth-1 IMSHG linking foundations via a shared contributor.

Example 2.46 (Depth 2 IMSHG: Emergency response regions linked by shared responders (n=2)). Level t = 0: 2-SuperHyperGraphs (city
agencies). Let the responder universe be Q = {ry,ra,r3,r4,rs,r¢}. A 2-SuperHyperGraph has V C P2 (Q): each vertex is a set of unit
rosters (each roster is a subset of Q).

City A agencies:

Hfye = (VA ER, TR Hdp),  Up = {{r,n},{n}}, Ur={{n,n}},
Vit ={U1,Ua}, E = {er}, T (er) = {Un}, Hdf (er) = {Ua};
Hiea = Vir Eny, Tiy Hdyy),  Vig = {M1}, My = {{r2,rs}}, Epy = 0.
City B agencies:
HE e = (VB EB TE HaB), VE={P}, P={{r.re}}, EE=0;
HRwo = (VO ER.TE HAY), VP ={A1}, Ar = {{n}.{ra,r6}}, EX =0.
Admissible set-relation on &,. Define Ryesp by
(8,T) €ERpesp <= Ix€Qs.t. VH € SUT Uy € V(H) Igy € Uy withx € gy.

Intuition: the same responder x appears in at least one roster within every chosen agency.
Level t = 0: City-level MetaSuperHyperGraphs over (G;,{Ryesp})-

My = (Va,Ex, Ta, Hda, Ap), Vi = {Hfiro Hieq )
with one meta-hyperedge ez :
Ta(ea) = {Hlé\ire}’ Hdp(ep) = {Hf\q/[ed}v Aa(ea) = Rresp-

Witness: x = r (since ry € {ry,rn} €U; € V;‘ andry € {ry,ra} €M, € VA",}).
Similarly,

Mg = (Vs,Ep,Tg, Hdp, 28), Vi = {Hpojice: Hamb }»
with one meta-hyperedge ep:
B B
TB(eB) = {HPolice}7 HdB(eB) = {HAmb}7 A«B(@B) = Rresp,

witnessed by x = ry (since ry € {rp,r6} € P| € Vﬁ andry € {n} €A € Vf).
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Level t = 1: IMSHG (inter-city) over (6&”,%’(0:{Rﬁesp ). Let
M — (V(l),E(l),T(U,Hd(l),l(l)), vy — {M4,Mp}.
Define one meta-hyperedge E4_,p:
TO(Ersp) = Ma}, HAD(Esosp) = (Mg}, AV (Easp) = Rlesp-
Incidence witness at depth 1. Pick M = My, N = Mp and
A= {Hito} SVa,  B={Hi} CVe.
Choose x =r); thenry € {ry,ra} € M| € VA‘} andry € {n} €A e Vf, 50 (A,B) € Ryesp and
(T (Exp), HdD (Ex_p)) € Rlkep-
Level t =2: IMSHG (regional) over (622),%(2):{Rmp ). Create regional MSHGs whose vertices are city MSHGs:
Regnorn : V ={Ma}, E=0;  Regsoun: V={Ms}, E=0.
Define the depth-2 IMSHG
M = (v E®) 7@ 1a®),22)), V) = {Regnonn: Regsoutn }-
with one meta-hyperedge ENorth—sSouth”
T (Exorthssoutn) = {Regnorn}s  Hd® (Exorthss0utn) = {Re8soun}> A (ENorth sSouth) = Rikkp-
Incidence witness at depth 2. Take M = My € V(Regnorn) and N = Mp € V(Regsgum ). From the depth-1 verification, (M,N) € Rﬁesp via
A={H{ea}, B={HRm}, x=12.
Hence
(T® (Exorthssoutn), Hd® (ENorth—>south)) € Riekp.
so M®) is a valid depth-2 IMSHG linking regions by shared responder membership.
Theorem 2.47 (IMSHG generalizes MetaSuperHyperGraph). Depth 0 IMSHGs are exactly MetaSuperHyperGraphs over (S, ).

Proof. By construction, 65,0) =6, and Z0) = %. The definition of IMSHG with 7 = 0 is identical to the definition of a MetaSuperHyper-
Graph over (&,,,%). O

Definition 2.48 (Unit 0-SuperHyperGraph and singleton embedding of relations). Let Ug(x) denote the unit 0-SuperHyperGraph on a base
object x (single vertex x, no edges). For a binary relation R on a universe 4, define the singleton embedding

w(R) = {({x}, ) | (x.y) €R},

viewed as a set—relation on P, (L) X Pin(Y).

Lemma 2.49 (Lift commutes with singleton embedding on singletons). For any deptht > 0, any relation R on the depth-t universe, and any
metalevel objects M, N,

(), V) € (0R)" = (M.N)eR",
Proof. By the definition of 1} and 1o,
(M}, (N}) € (10(R))! = FxeV(M),y e V(N): ({x}.{1}) € 10(R)
— IxeV(M),yeV(N): (x,y) €R < (M,N)eR".
O

Theorem 2.50 (IMSHG generalizes Iterated MetaHyperGraph). Fix any deptht > 0. Let an Iterated MetaHyperGraph (IMHG) of depth
t over (), 20)) be given (as defined earlier). Consider IMSHGs of depth t with n = 0 over (6(()[), lO(Q(’))), and restrict to the full
subcategory IMSHG(ll> in which every hyperedge e satisfies |T") ()| = |[Hd") (e)| = 1 and every vertex is of the form Uy (-). Then IMSHth)
is canonically equivalent to the category of depth-t IMHGs over (U(’ ) , 20 )).
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Proof. Define mutually inverse functors F; and G;.
(F;: IMHG — IMSHG) Let

H®) = (V,E,S,H,u) (depth-t IMHG over (), 2())).
Set
Vi:i={Uyp(v):veV}, E :=E,
T'(e) :={Uo(S(e))},  Hd'(e):={Ug(H(e))},  A'(e):=10(u(e)).
Incidence is preserved since
(T'(e),Hd'(e)) € 10(ui(e)) = ({S(e)}{H(e)}) € 1o(u(e)) <= (S(e),H(e)) € p(e).
Thus F(HO) = M®) := (V' E/,T',Hd', /) is a depth-t IMSHG in IMSHG'").
(G;: IMSHG — IMHG) Conversely, take
MO = (v/ E', 7' Hd',2") e IMSHG!" over (&), 19(21))).
Write V := {v € 4" : Up(v) € V'}, E := E’, and for each ¢ € E let S(e), H (¢) be the unique elements with
T'(e) ={Uo(S(e))},  Hd'(e) ={Uo(H(e))}.
Since A'(e) € 19(:2"), choose the unique u(e) € 2) with A'(e) = 19(i(e)). Incidence is equivalent by the same calculation:
(S(e),H(e)) € ple) <= ({S(e)},{H(e)}) € 1o(ule)) <= (T'(e),Hd'(e)) € A'(e).

Hence G,(M®)) = H®) := (V,E S, H, 1) is a depth- IMHG.
Finally, G; o F; = id and F; o G; = id on objects and morphisms by construction. Label compatibility across depths follows from the lemma:
forany R € 2% and metalevel objects M, N at depth k,

(M}, {N}) € (10(R)" "2 (M, N) € RT,

so lifted labels match at every level. Thus the categories are equivalent. O

3. Conclusion

In this paper, we formally defined the hypergraph analogue (MetaHyperGraph) and the superhypergraph analogue (MetaSuperHyperGraph) of
MetaGraphs, and provided a concise discussion of their characteristics and illustrative applications. We also introduced iterative constructions
such as the Iterated MetaGraph, representing a “graph of graphs of ... of graphs,” and briefly examined their properties and potential uses. It
is hoped that future work will explore extensions incorporating frameworks such as Fuzzy Sets [49-52], Intuitionistic Fuzzy Sets[53-55],
HyperFuzzy Sets[56-58], Hesitant Fuzzy Sets[59-62], picture fuzzy sets[63—65], Vague Sets[66—68], Neutrosophic Sets [33, 69-71], and
Plithogenic Sets [72-74].
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