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1. Introduction

It is known that a wide class of problems which arise in boundary value problems in Kinetic theory of gases, elasticity and other applied
areas are mostly reduced to single variable nonlinear equations. One of the best root-finding methods for solving nonlinear scalar equation
f(x) =0 is Newton’s iteration method. The local order of convergence of Newton’s method is two and it is optimal with two function
evaluations per iterative step. In recent years, numerous higher order iterative methods have been developed and analyzed for solving
nonlinear equations that improve classical methods such as Newton’s, Chebyshev, Chebyshev-Halley’s, etc. As the order of convergence
increases, so does the number of function evaluations per step. Hence, a new index to determine the efficiency called “Efficiency Index”
(ET) is introduced in [9] to measure the balance between these quantities. Kung-Traub [5] conjectured that the order of convergence of any
multi-point without memory method with d function evaluations cannot exceed the bound 24!, the optimal order. Thus the optimal order
for three evaluations per iteration would be four, four evaluations per iteration would be eight and so on.

Recently, some fourth and eighth order optimal I.E.s have been developed using weight functions (see [1, 2, 3, 6, 7, 8, 10, 12, 13, 15, 16, 19]
and references therein). In [4, 14, 17, 18], third order method has been presented using the idea of mean and Newton iterations. In this paper,
we have improved the order of the method to four (optimal) by using variants of third order Newton’s method. Further, we have developed a
family of eighth (optimal) order method using weight functions. In Section 2, some definitions are included which are required for our study
and present the development of the new methods. Section 3 discusses the convergence analysis using MATHEMATICA. Section 4 presents
few numerical examples and compare the results of the present methods with Newton’s method and few optimal methods. Finally, section 5
gives conclusions on the present work.
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2. Development of the methods

If the sequence {x;,} tends to a limit x* in such a way that

*
Xn+1 —X

lim =C
n—ree (xn _X*)p

for p > 1, then the order of convergence of the sequence is said to be p, and C is known as the asymptotic error constant. If p =1, p =2 or
p = 3, the convergence is said to be linear, quadratic or cubic, respectively.
Let e, = x,, — x*, then the relation

entl :Celn'—O—O(egH) :0(e£>. (1)
is called the error equation. The value of p is called the order of convergence of the method. [9] The Efficiency Index is given by
EI=pi, @)

where d is the total number of new function evaluations (the values of f and its derivatives) per iteration. Let x,,11 = Y(x,) define an
Iterative Function (LF.). Let x, | be determined by new information at x, ¢ (x), ..., @;(x),i > 1. No old information is reused. Thus,

X1 = W (X, O1 (), oons 01(30))- 3)

Then v is called a multipoint .F. without memory.
Kung-Traub Conjecture [5]
Let y be an LF. without memory with d evaluations. Then

p(W) < popr =271, @
where p,p is the maximum order.
The Newton (also called Newton-Raphson) L.F. (2™ NR) is given by
W)
f'(x)

The 2" NR LF. is one-point L.F. with two function evaluations and it satisfies the Kung-Traub conjecture with d = 2. Furthet, Elyuyp = 1.414.
A family of third-order LF. based on power means (3"*PM) considered by Xiaojian [18] is given by

Vonang(X) = x — u(x), u(x) . (5)

S0P+ (' (= ()P ) g ©

l[/3n/PM(X) =X— D(X,B)7 D(x7ﬁ) = stgn(f/(x)) ( 2

The cases B = 1, —1, 2 correspond to arithmetic mean (3" 4 AM), harmonic mean (3" HM) and square mean (3" S respectively. For the
case 8 = 0, we consider B — 0 which is the geometric mean (3¢ GM) with

1
D(x,0) = sign(f'(x))/f'(x)f'(x — u(x)) since limg__,, (M) F = V(%) f(x —u(x)). Let us consider the following third
order method for the value of B =1 in (6) (see [17]): '

2/ (x)

=x— . 7
Vartant () = X T ) @
For B = —1in (6) (see [4]):
f(x) ( 1 1 >
1 =x——2 + . 8
Va0 =5 =37 T " ) ®
Also, consider Newton-Steffensen (NS) method with cubic convergence [14]
fx)?
ra =X — . 9
Vs () =X~ G TR0 — F (W) )

The family of methods (6) and (9) are of order three with three evaluations per full iteration having E1 = 1.442. From literature survey, we
observe that these methods (7), (8) and (9) are approximate equal interns of convergence order and E/. By equating these methods we can
improve optimal fourth order method without weight functions as follows.

By equating (7) and (8), we have

f'x)?
— ' (Waung(x)
Also, by equating (8) and (9), we have

, PO — f(Yonia )]
P e ()~ T e ) (an

(10)

f/(lVZ”dNR(x)) ~ zf/(x)
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Now, equating (10) and (11), we have

F ®)f () = 3f (Waanr(x)))]
J) = f(Wauang(x)) 12

Equation (12) Substitute in (7), then we obtain new fourth-order LF. as follows:

I (Wanayg(x)) ~

fO) 1.0) = f(Wauang(x))

Yyin X)=Xx— (13)
i) = 5 73 el

The efficiency of the proposed method (13) has improved where EI = 1.587 and this method known as Ostrowski’s method [9]. Further, a

family of optimal eighth order method from 4" KM is proposed with 4 function evaluations using weight function.
Let us consider new family of optimal eighth order method as follows:

f(w4’hKM(x))(lV4’hKM(x) — lVZ”dNR(x)) (G(Tl) % H(’L')), (14)

Vasnson (5) = Varniow (6) = == 0 o 00) — F (Wi (1)

where G(1) and H () are weight functions and expanding about 0, that should be chosen in order to obtain the eighth-order of convergence
and _ f<W4IhKM(X)) f(W2ﬂdNR(x>)
=""r G

Next section, we analyze the con\}ergence proof of the proposed family (14) with help of MATHEMATICA software.

and T =

3. Convergence Analysis

Let f : D C R — R be a sufficiently smooth function having a simple root x* in the open interval D, then the proposed family of LF. 8" KM
(14) is eighth order convergence when G(0) = 1, G'(0) =2, H(0) = 1, H'(0) = 0, H”(0) = 2 and H"”(0) = 12, being in this case the error
equation

Wi ear () = @+ 3(c5 — ¢3)(Tc3 — 4eaes +ca)ep + O(ey)

LI 4>,

where ¢; = ) 42

Proof. Lete, =x— 0.
Using the Taylor series and we have

F(x) = f(a)en —0—026% —0—(‘36,31 + 6‘463 + (2562 —|—c6eg +C7€,71 +...] (15)
and
F1(x) = f1()[1 4 2cren + 3c3€% + dege’ + 5eset +6cge) +Terel + .. (16)
_ SO
where ¢, = 270 4 > 2. Now

Vonayg(X) = QL+ cae? —2(c3 — c3)el + (4c3 — Teaes +3cy)ep 4 (—8¢3 +20c3¢3 — 63 — 10cocy + 4es)e)

5 3 2 2 6 an
+ (16¢3 — 52¢3¢3 + 33¢ac3 +28¢5¢4 — 17c3¢4 — 13¢5+ 5¢6) e, + . .
Expanding f (W pg(x)) about o and taking into account (17), we have
F(Wanayr(x)) = f (@) [c2e2 = 2(c3 — c3)e3 + (5¢3 — Teacs +3cq)el — 2(6¢5 — 12¢3¢3 + 3¢5 + 5cacq — 2¢5)e (18)
+ (28¢5 —73c3¢3 + 34c3eq — 17c3¢4 + 2 (3763 — 13¢5) + 5¢)ed + ..
Using egs. (15), (16) and (18) into (13), we obtain
Wy (X) = 0+ (63 — cac3)et — 2(2¢3 — dckes + ¢+ cacy)ep + (1065 — 30c3¢3 + 18¢pc3
+12c3¢4 — Tezeq — 3eacs)ed — 2(10¢5 — 40c5cs — 6¢3 + 205 ¢4 + 3¢5 + 8¢5 (5¢3 — ¢5) (19
+5c3¢5 4+ ¢2(—26¢3¢4 + 2c6))ez + (36c§ — 178ch3 + 101c‘2‘c4; + SOC%C4 + 3c§(84c§ —17¢s)
—17¢4e513¢3¢6 + 5 (—209¢3¢4 + 20c6) + ¢ (—91¢3 +37¢% 4+ 68c3cs — 5¢7))es 4 ...
Expanding f(Wung(x)) about o and taking into account (19), we have
F(Wangas () = (o) [(cg —cac3)er —2(23 —4csc3 4 3+ caeq)ed + (1065 — 30c3¢3 + 18¢xc3
+12c3¢4 — Tezeq — 3eacs)ed — 2(10¢S — 40c5cs — 6¢3 + 205 ¢4 + 3¢5 + 8¢5 (5¢3 — ¢5) 20

+5¢3¢5 4 2 (—26¢3¢4 4 2¢6) ep + (37¢h — 180c5¢3 + 101¢3 4 4 505 ¢4 + 3 (253¢3 — 5lcs)
—17¢c4e5 — 13¢3¢6 + 3 (—209¢3¢4 +20c6) 4 c2(—91c3 +37¢3 + 68c3es — 5¢7))eb + . ..
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Using equations (17)-(20) into (14), we obtained

Vinin (5) = @ = &2(3 — c3) (= 1+ G(O)H(0) ) + (263 (=1 + G(O)H(0)) +2e2¢4 (1 + G(0)H (0))
+¢3(—444G(0)H(0) — G(0)H'(0)) + c5¢3(8 + G(0) (~8H(0) + H'(0)) ))eg

+ (7C3C4(—1 +G(0)H(0)) +2¢3¢4 (6 + G(0) (—6H (0) + H'(0))) + 2 (3cs(—1 + G(0)H (0))
A(18 — 18G(0)H(0) + 4G(0)H'(0))) + 3(10+ G(0)(~9H (0) + 78" (0) — 1Y) ”2(0) )

+;CZC3( —60-+G(0)(58H(0) — 26H'(0)+H”(0)))) ( (3c(—1+ G(0)H(0))
+5c3¢5(—1+G(0)H(0)) 4¢3 (6 — 6G(0)H(0) +2G(0)H' (0))) + ca(4c(—1 + G(0)H(0))
+2¢3¢4(26 — 26G(0)H (0) +7G(0)H' (0))) 4 c3ca(—40 + G(0) (38H(0) — 21H' (0) + H" (0)))
+c3(c5(16 — 16G(0)H (0) +3G(0)H' (0)) + ¢ (—80+ 76G(0)H(0) — G’ (0)H (0) — 50G(0)H' (0)

+3G(0)H"(0))) + (=20~ G'(0)H(0) + G(0 )(14H(0)729H’(0)+5H”(0),H”;(O)))

+ éc‘z‘c3 (12(40+G'(0)H(0)) + G(0)(—408H (0) +474H’(0) — 54H" (0) + H’”(O)))) el

+ é ( 102¢4¢5(—1+ G(0)H(0)) + 78c3¢6(— 1+ G(0)H(0)) +60c3c4(5 — 5G(0)H(0)
+2G(0)H'(0)) +6¢2(5¢7(—1+ G(0)H(0)) +4c3c5(17 — 17G(0)H(0) + 5G(0)H'(0))
+¢3(37—37G(0)H(0) + 12G(0)H' (0)) + 3 (—91 — 4G’ (0)H (0) + G(0)(87H (0)

- 76H’(0) +6H"(0)))) +3¢3 (8¢ (54 G(0)(—5H(0) + H'(0))) + c3¢4(—418 — 8G' (0)H (0)
G(0)(390H (0) —310H'(0) +21H"(0)))) + c5¢3(—12(89 4 13G' (0)H(0) — G'(0)H' (0))
G(0)(690H (0) — 2004H' (0) +450H" (0) — 23H"(0))) + 2¢3¢4(303 + 12G' (0)H (0)
G(0)(—246H (0) +348H'(0) —45H" (0) + H”’( ))) +6¢5 (36 +9G'(0)H (0) — G’ (0)H'(0)

N) + 3 (3es(—102 4 G(0)(96H (0)
—58H'(0) +3H"(0))) +2¢3(756 + 63G’(0)H(0) —3G'(0)H'(0)
+G(0)(—624H (0) +987H' (0) — 147H" (0) +4H’”(0)))))e,§ 4o
By choice of G(0) =1, G'(0) =2, H(0) = 1, H'(0) = 0, H"(0) = 2 and H"(0) = 12 in above equation. We have, finally
Waingar () = a0+ c3(c3 — 3) (T3 — deaes +cq)ed + 0(e)) 21
which proves the proposed family (14) convergent with order eight. O

By some conditions on the weight function have been imposed to assure the desired order of convergence. This gives us the possibility of
designing different schemes depending on the |[H®) (0)| < oo,k = 4,5... used, as for example

G(n)=1+2n, H(t)=1+1>+27.
or
G(n)=1+2n, H(r):1+12+213+r4.
or
Gn)=1+2n, H(t)=1+?+20% +7*+ 7.

We use the first one in the rest of the manuscript, denoting the resulting scheme by 82 KM. Thus, proposed family of LF. (14) is optimal
eighth order and its efficiency has improved E1 = 1.682.

4. Numerical examples

In this section, numerical results on some test functions are compared for the new methods 4"*KM and 8/"KM with some existing eighth
order methods and 2"¢ NR. Numerical computations have been carried out in the MATLAB software with 500 significant digits. Depending
on the precision of the computer, we have used the stopping criteria for the iterative process either | f(xy)| < € or error = |xy —xy_1| < €
where £ = 1070 and N is the number of iterations required for convergence. The computational order of convergence is given by

_ In|(xy —xn—1)/(en—1 —xn_2)|
In|(xy—1 —xnv—2)/(xn—2 —xn-3)|
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We consider the following iterative methods for solving scalar nonlinear equations for the purpose of comparison: Liu-Wang Method
(8""LWM) [6]:

B R (R )
VIR T R0 —200) f(x)

£(2) <( ) = )

2
Fo— 2f(y)> T -0 T T+ @

Petkovic-Neta-Petkovic-Dzunic Method (8”’PNPDM) [11]:

(22)
Wenpwy (X) =2 — 0 f(z) 41(2) )

st (U i ) oo
Vossarmuls) =< 7 (‘D(” SR ERET ) | (23)
where @(t) =142t +2> — 13 and t = %

Sharma-Arora Method (8""SAM) [13]:
v fpemr (20 ) 7%
ws <= {55 (PR

The following test functions and their simple zeros for our study are given below:

fi(x) = sin(2cosx) — 1 —x% + S0 x* = —0.7848959876612125352...
fo(x) = xe*" —sin?x+3cosx+ 5, x* = —1.2076478271309189270...
fx) =2 +4x* - 10, x* = 1.3652300134140968457....
fa(x) = sin(x) + cos(x) +x, X" =—0.4566247045676308244...
fs(x) = % —sinx, x* = 1.8954942670339809471....
folx) = (x+2)e" —1, x* = —0.4428544010023885831 ...
fx) =2+ sin(g) - %, x* = 0.4099920179891371316...

Table 1 shows the corresponding results for f) (x) to f7(x). If the initial points are very close to the root, then we obtain least number of
iterations and lowest error. Hence, the present new method 8’ "KM has better efficiency as compared to 2mdNR ATMKM, S WM ,8"PNPDM,
8""SAM. Specifically when consider the function f3(x),xo = 0.5, 8*PNPDM, 8""SAM methods are converges badly.

5. Conclusion

In this work, we have proposed a family of optimal three-point eighth order methods using weight functions. It is clear that our proposed
new family of methods require only four evaluations per iterative step to obtain eighth order method. To illustrate the proposed new methods
and to check the validity of the theoretical results we have tabulated numerical results. The performance is compared with Newton’s method
and some recently developed methods and proposed method is to be superior over some existing methods.
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