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1. Introduction

Let o represent the family of functions f with the specified form
f@=2+Y a.?" (1)
n=2
which are normalized and analytic in the open unit disc D = {z: |z| < 1} of the complex plane.

Let ., .*, ¢, ¢ and & denote the classes of univalent, starlike, convex, close-to-convex functions and function with positive real part,
respectively. (For more details about the properties of univalent, starlike, and convexity functions, see [1, 2]).

The concept of uniformly convex and uniformly starlike functions was introduced by Goodman[3, 4] and denoted as %% ¥ and % . 7,
respectively. Subsequently, Rgnning [5] and Ma and Minda [6] independently provided the analytic characterization of the class 7 €7 in

2f"(z)
@ |

one variable, which is as follows: f € % €V if and only if Re (1 + Z]{, ((Z))> >
z
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The subclass ., of starlike functions, introduced by Rgnning [5] is defined as
Sp={F € S"|F(2) =2f'(2), fR) eUCV}. 2
It is clear that f(z) € .7), if and only if
f'(z) ' (Zf’(Z))
—~—1| <Re ,zeD. 3)
f(@) f(2)

We observe that .%), is the class of functions for which the range of zf'(z)/f(z), with z € D is the region Q, where Q = {w : Re(w) > |[w—1|}.
Notably, Q represents the interior of a parabola in the right half plane that is symmetric with respect to the real axis and has its vertex at
( % , 0). It is well- known that the function

1+2)°
17\&) C)

maps the unit disc ID onto the parabolic region £, and therefore, it belongs to .%),.

2
pi(z) =1+ 2 (log

In 1999, Kanas and Wisniowska [7, 8] generalized the above parabolic domain and introduced the conic domain Q,k > 0 and studied it
comprehensively. This domain is defined as

Qi ={w:Re(w) > klw—1|}.

This domain represents the right half plane for k = 0, hyperbolic regions (right branch) when 0 < k < 1, a parabolic region for k = 1 and
elliptic regions when k > 1.
The functions which play the role of extremal functions for these conic regions are given as:

1
‘f’Z7 k=0
-z )

2 1+/z
1+ = (1 k=1
+ﬂ2(0g1—x/5) ’

p(z) = 2 L ((2 Q)
1+17k2 sinh Earccosk arctanh/z |, O0<k<1
u(z)

1 . T Vi dx 1
1 / , k>1
+k2_1sm 2R(t) Jo \/1x2\/1k2x2>+k2—1

where u(z) = f:‘fz ,t €(0,1),z € D and z is chosen such that k = cosh (%((tt))), R(t) is the Legendreis complete elliptic integral of the first
kind and R’ (¢) is complementary integral of R(t), for more detail, [7, 8].

Using subordination criterion, Janowski [9] introduced another class 9?|A, B] a subclass of & and studied its properties.

For—1<B<A<I,let

1+Az
ﬁmlﬂf{fewtf<l+3fzeD}.

For A = 1,B = —1, a well known family & functions with positive real part.
A function [10] p(z) is said to be in the class P; [A, BJ;if and only if

(A+Dpi1(z)—(A-1)

PO B me - (B 1) ©
where pj(z) is defined by (4) and -1 <B <A< 1.
A function [10] f(z) € < is said to be in the class Z ¢ ¥ [A,B] —1 < B < A <1 if and only if ,
Y ) NN N Y (7 C RS
e Grey Gy - ”
z2f'(z z2f'(z
(B—I—I)W—(A—O—l) (B+1) 70 —(A+1)
A function [10] f(z) € 7 is said to be in the class .7} [A,B] —1 < B <A < 1if and only if ,
LD an) |e-nZLDwoy
Re /() f(2) 1 ®)
(B+1)ZJJ:(S)—(A+1) (B—i—l)ZJJ:(S)—(A—i-I)

The following lemmas gives the sufficient condition for a function f of the form (1) to belong to the class % ¢ ¥'[A,B] and .7,[A, B]
respectively.
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Lemma 1.1. [10] A function f(z) € o and of the form (1) is in the class % €V [A, B] if it satisfies the condition
Y n[dn—1)+n(B+1)—(A+1)]]|Aa| <[B-A], ©)
n=2

where —1 <B<A<1.

Lemma 1.2. [10] A function f(z) € o/ and of the form (1) is in the class 7, |A, B] if it satisfies the condition

s

[4(n—=1)+[n(B+1) = (A+1D)[]|A;| < [B-A] (10)

n=2

where —1 <B<A<1.

Let f(z) =z+ Y, ap" and g(z) =z+ ) b, 2" be analytic in . Then, the Hadamard product or convolution of f(z) and g(z) is defined by
n=2 n=2

f(Z) *g(Z) =z+ Z apbp?".
n=2
For [11] B < 1, let

#B)={fes:3ne (=3, 2) IRe ["(f(2) - B)) > 0,z D}.

It is clear that Z(fB) C . when 8 > 0 and for each § < 0, Z(f3) also includes non-univalent functions. This class has been extensively
used to investigate various integral transforms. For example, refer to [12, 13] and the references cited therein.

Suppose that f(z) is of the form (1) is in class Z(f), then by [11], we have
2(1-B)

‘an| <
n

, n>2. (11)
For any non-zero complex variable a, the Pochhammer symbol (or shifted factorial) is defined as

(a)o = l,and(a), = a(a+1)---(a+n—1),forn = 1,2,3,---.
In terms of Euler gamma function, the Pochhammer symbol can be written as

7F(n+a) B
(@), = W, n=0,1,2,---

where, a is neither zero, nor a negative integer.

The Clausen’s hypergeometric function 3> (a, b, c;d, e;z) is defined as

o o (@n(D)n(C)n
3P (a,b,c;d,e;z7) —rg)i(d)n(e)n(l)nz , a,b,c,d,ecC, (12)

provided d, e #0,—1,—2,—3--- | which is an analytic function in unit disc D.

Following the proof of the Bieberbach conjecture, many researches in the field of function theory recognized the significance of special
function, in particular, the hypergeometric function, in relation to geometric function theory. Subsequently, numerous results on the Gaussian
Hypergeometric function [12-24] have emerged in connection with various subclasses of univalent functions.

In recent years, much research has focus on generalized hypergeometric functions and their connections to various subclasses of univalent
functions.

Recently, Prabhakaran and Chandrasekar [25] introduced a new integral operation involving the Clausen hypergeometric function. Using this
convolution operation, they have established several new results related to generalized hypergeometric functions.

Building on their work, we also examine the geometric properties of various subclasses of univalent functions, making our result more
general.

For f € o/, recall the operator .7 f"c (N

TIPE(1)(2) = z3B(ab,cid )+ f(2) =2+ Y AnZ" (13)
’ n=2

withA; =1and forn > 1,

Ay = () an. (14)
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In the research conducted thus far, no general summation formula has been found that addresses the parameters a, b, c, d, and e. However,
there are a few summation formulas with the restricted coefficients, such as those by Dixon’s and Schultz’s.

Recently, Miller and Paris [26] derived a summation formula involving n. Additionally, Shpot and Srivastava [27] discovered a new
summation formula involving both m and n. We present the restricted form of their summation formula as follows:

bc I'(b) I'(c)
Flab.c:hbr1 1:1) = I'(1—- - 15
sFy(a,b,c;b+1,c+1;1) b (I-a) I(1—a+b) T(l—a+c)]|’ >

provided that,a <2, b >a—1, and ¢ > a— 1. The equation (6) is derived by putting n = 1 in Theorem 1 in Miller and Paris [26] and by
putting m = n = 0 in the equation (3) in Shpot and Srivastava [27].

The following Lemma is help us to prove our desired results.
Lemma 1.3. [25] Let a, b, ¢ > 0 and ¢ # b. Then we have the following:

1. Fora<min{l,b+1,c+ 1}, we have

= (n+1)(a)n (D) (¢)n beT(1—a) [ (1=D)T(b) (1—0c)(c)
2 | |

= (b+1)n(c+1)n (D c—b |T(l—a+b) T(1—a+c)

2. Fora<min{1,b+1, c+1}, we have

= (n+1)%(a)n (b)n (c)n beT(1—a) [(1=b)’T(h)  (1—¢)*T(c)
L (b+1) [ ]

= ale+ 1) (1), c—b |T(l—a+b) T(l—a+c)

3. Fora <min{1,b+1, c+1}, we have

(1—a+b) I'l—a+c)

5 (D@l bel(1=a) [Klfb)ﬂr(b) [(1fc>3}r<c>]
(b+ 1)y (c+1), (1), c—b

n=0

4. Fora#1,b#1,c# land a<min{l,b+1,c+ 1}, we have
i (@)n (b)n (¢)n
n—=0 (b+1)n(c+l)n(1)(n+l)

- ((af 1)(bbfcl)(cf 1)) [F(czjba) (éc(fflli(l;)) Bl ﬁfffirf%) Bl 1}'

2. Main Theorems and Proofs

Theorem 2.1. Let a € C\{0}, b > |a| — 1 and ¢ > |a| — 1. A sufficient condition for the function z3F;(a,b,c;b+1,c+ 1;z) to belong to the
class % €V |A,B] is that

beT(1—|a]) I'(b)
—— [(1fb)[(lfb)(4+|B+1|)+\A+l\f4]]m
I'(c)

Proof. Letae C\{0}, b>|a|—1, ¢>|a] — 1.

Let f(z) = z3F>(a,b,c;b+1,c+ 1;2). Then, by (9), it is enough to show that

P\]
I
s

n (4(}17 1)+\n(B+1)7(A+1)|> |A,| < |B—A.

n=2
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where A, is given by (14). Using the fact |(a),| < (|a|)n,

oo

Zn<4(n71)+|n(B+l)f(A+l)|)( (laD)n—1(B)n— (c),(l )1” )

T
2 b+ 1)—1(c+1)py

INA

3
[l

1
= y n n n _ (lal)n(b)n(c)n
- n;( +1)(4 +](n+1)(B+1) (A+1)|) ( (S iR )
_ i(n+1)<4(n+171)+|(n+1 )(B+1)— A+1|)
n=1

(|a))n(B)n(c)n )
b+ 1), (c+1),(1)
(B)n(

1

¢
(n+1)(4(n+1—1)+|(n+] B+1)— (A+1 |) ( (la)n

= i n(C)n )
= b+1)n(c+1)n(1)
—|B—A|

Y w1y UaDn®a()n oy [ (aDn®)
n;o("* ) (b+1 c+1 )n(Dn g(’” ) b+ 1), c+1 )n

= (1 172 () (B)a(c)n = (1) |a|>n< (O
|B+1)] Z( G+ Dulet 1>n<1n) A1) ‘Z( G Dulet Du(D )
B-A

Using the formula (15) and results (1) and (2) of Lemma 1.3 in the aforementioned equation, we find that

(1-b0°C(b)  (1-¢)’I(c)

beT(1—|a])
r = 4= = {F(lf|a|+b) F(lf|a|+c)}

74bcl"(lf|a|) { (I-b)L()  (1-0c)(c) }
c—b rl—lal+b) T(1-lal+c)

+|B+1|

ch( —la|) {(1—1))21"(1;) B (l—c)2l"(c)}
—b I'(1—la|+b) T(1—|al+c)

ch( —lal) { (1-b)I(b) (1-9)I(c)
—b

T(1=|d[+b) T( —|a|+c)} —1B-A]

+A+1|

w [[(1 —b)[4(1 = b) — 4+ (1 =) B+ 1|+ A +1]]

IN

()
T[] + )
7[(17c)[4(1fc)74+(17c)\B+1|+\A+1|H$ —|B-A

]
- w[[(1_b)[(l_b)(4+|3+l|)+|A+1‘_4”%

—[(1=0)[(1 =)@+ [B+1])+[A+1| —4]]%} B4l

Because of (9), the above expression is bounded above by |B —A| , and hence,

beT(1—|a])
c—b

r'(b)

00100+ B+ 1)+ A+ 1)~ 4] 5 T s

(-0 —c)(4+|B+l|)+\A+1|—4]]%} —B—Al<[B-A|

Therefore, z3F (a,b,c;b+ 1,c+ 1;z) belongs to the class Z €V |A, B].

Theorem 2.2. Leta € C\{0}, b>|a|—1landc> |a]—1,

(b)

beT(1—|a])
I'(1—|a|+b)

— [(1=b)(4+|B+1])+|A+1]|—4]
I'(c) 1
—[(1=c)4+B+1))+|A+ l\—4]m} <|B—A| (1 +m) .
Then J;_fﬁ_,rl (f)(z) maps Z(B) into % € VA, B).

Proof. Letae C\{0}, b>|a]—1, ¢ > |a| — 1.
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Let f(z) = z3F(a,b,c;b+1,c+ 1;z). Then, by (9), it is enough to show that

T = in(%n7U+mw+l%{A+m>MﬂSwaL
n=2
where A, is given by (14). Using the fact |(a),| < (|a|)s, and (11) in the above equation it is found that
(IaD)n=1(8)n-1(c)n-1
T < Z ( In(B+1) — (A+1)\) <(b+1)n et Dot (D 1) (a)n
.- (la))n—1(B)n-1(c)n1
= g( o=+ -a)) (e )
= 2(4n+\ (n+1)(B+1) (A+l)|) ((bﬁ‘l")) (Ci"f;)’(’ 5 >
_ . B |a])n(B)n(c)n
= 2;(4n+1 D+|(n+1)(B+1)— A+1) (b+1 P )
_ 2 el @D (B)a(c)n
- ngo(wﬂ D+|(n+1)(B+1)— A+l>(b+1 (c+ (D) )
—[B—A]
o - (la))n(B)n(c)n -~ - (la))n(B)n(c)n
B [4,120 (@ <+1n<1>) @o((bm )
< ((n+1)(Ja)a(b)a( - (la[)n(B)n(c)n
B+1',§0( b+ 1) c+1 Fl@a+l ;(bﬂ) (c+1)n(1)n>
—[B—Al]
Using the formula (15) and results (1) of Lemma 1.3 in the aforementioned equation, we find that
beT(1—|a]) [ (1—=D)L(b) (1—=0)(c)
rs 2“_/3)[4 c—b {F(lf|a|+b)_l“(lf|a|+c)}
_4ch(lf\a\) [ I'(b) B I'(c) ]
c—b I'1—|al+b) T(—lal+c)
mr( —la)) [ (1=B)T(B)  (1-)T(c)
B+ e~ r e
ch( —lal) I'(b) B I'(c) e
a1 | o - r ) 2
< Z(I*B){@[[4(lfb)f4+(lfb)|B+l\+|A+1\]$
7[4(17c)74+(1de“HM“H%}43%@
_ 2(1_/3){w[[(1_b)(4+|B+1|)+|A+1\_4]$
I'(c)
—[(1—c)(4+|B+1|)+|A+1\—4]m}—|B—A|}.
Because of (9), the above expression is bounded above by |B— A| , and hence,
2(1_;3)[%;“") {[(1—b)(4+|B+1|)+\A+1\—4]$
()
7[(1fc)(4+|B+1|)+|A+1\74]m} —\BfAl} <|B—A|.
Therefore, /b+1 et1(f)(z) maps Z(B) into % €V'|A, B]. O

Theorem 2.3. Leta € C\{0}, b > |a| — 1 and ¢ > |a| — 1. A sufficient condition for the function z3F>(a,b,c;b+1,c+ 1;z) to belong to the
class 7p[A,B] is that

beT'(1—|a]) I'(b)

Ty 0= @B+ A =4 s
I(c)

—[(1 fc)(4+|B+l\)+\A+l|f4]r(1 oy <2|B—A|.
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Proof. The proof is similar to Theorem 2.2. So we omit the details.

Theorem 2.4. Leta € C\{0}, b > |a|—1and c > |a|—1.

beT'(1—|al) I'(b)
— [ =b)[(1=b)(4+|B+1 A+ 1| 4] =—"
=B =D B+ 1D+ A 1 =4
-0l - @B+ A4 | <op gl
L(1—|al+¢)| — '
Then /;flccﬂ(f)(z) maps S into (A, B).
Proof. The proof is similar to Theorem 2.1. So we omit the details.
Theorem 2.5. Let a € C\{0}, b > |a|—1and c > |a|—1.
beT'(1—|a]) 4—|A+1 I(b)
——— |4+ |B+1
b B = ) T e 50

4—

—(4+\B+1\+

(c—

4

He D (i ) <841 ()

Then /;flccﬂ(f)(z) maps % (B) into #,[A,B).

Proof. Letae C\{0}, b>|a]—1, ¢ > |a] — 1.

Let f(z) = z3F>(a,b,c;b+ 1,c+ 1;7). Then, by (10), it is enough to show

o

T =Y (4(n—1)+|n(B+1)—

n=2

that

(A+1)\) A, <|B—A.

where A, is given by (14). Using the fact |(a),| < (|a|)s, and (11) in the above equation it is found that

=

T < 2(4(;1 1) +[nB+1)— (A+1)\) <(

(laDn—1()n-1(c)n-1
b+1)n71(6+])nfl(l) - ) (a)n

(4n 1)+ |n(B+1) (A+1)\) ((b+(|1£;|,,)n;(16‘(l;)y{ 1()n—1 )

l(l)n n

b+1)n +1 )n( )n+1>

(c
(laD)n(B)n(c
b+1),(c

Jn—
(la)a(B)n(€)n
)

+1 )n(;)nJrl)

SR

_ ;(4n+\n+1 )(B+1) (A+1)|> ((

= 2(1-8 n;(4n+\n+1 Y)B+1) (A+1)|) ((

_ ’;(4”14 e (B 1) — (A+1)|> x
((bfl‘?l)(zﬁ)(c()f)nﬂ) .

= 21-p) [4n)°i ((bﬁTl))n((cbin )

> (la])n(B)n()n
+\B+1|§, ((b+1) (c+l)n(1)n)
—|B—AJ]
- ([a])n(B)n(
= [42 ( b+1), c+1 >

(|a|) ( )n(c)n
”B“',;)((H Dulet (D) )*

—[B—Al]

L (@50

(o
',Z ( BT Un(ct Dy <1>n+1)

3}

I (@ thtes )

|a|) (b)n( )n
'Z<b+1 (et 1 <1>n+1)




42 Computational Methods, 3(2):35-43, July-December: 2026. DOI: https://doi.org/10.58614/cm325

Using the formula (15) and results (4) of Lemma 1.3 in the aforementioned equation, we find that

B beT(1—la|) L'(b) _ ()
T < 201 ﬁ)[4 b {r(1—|a|+b) F(l—\aH—c)}
- be T@2—lal) ( (e=DI(B)  (b=DI(c) )
4(<|a|—1><b—1><c—1)>{ c—b (F<1—\a\+b> F“"“'*C)) l]
beT'(1— a]) re) T()
+|B+1| c—bh [F(1—|a|+b) F(lf\a\+c)]
be C2—la)) ( (c=DC(B)  (b-1I(c) \
+|AH‘((Ial*l)(bfl)(cfl)>{ c—b (F(lf\aHb) 1"(1*|"|+C)) l}
—|B—Al]
B bel(1—|al) ['(b) ()
= 2(1—13)[4 b {F(1—|a|+b)_r(1—‘a‘+5)}

I'(1—la|+b) T(1—]a|+c)

(i) SR A

bc
+4(<|a|—1><b—1><c—1>)
beT(1—|al) I'(b) I'(c) ]

c—b [F(l—|a|+b) I'(1—lal+c¢)

o) R (- i

1 (e ) 1

= o1y | BTl [y gy A2 AT TO)
pa— B-1) ) T(—|a|+b)

+|B+1|

I'1—|al+b) T(1—]al+c)

(e ) e )
= (e oA

, and hence,

Because of (10), the above expression is bounded above by |B — A

2(1- B) 7bcr(_l__‘a‘) 4+|B+1|+‘1'_|/j+1| E(b)
c—b (b—1) )T(—|d +b)

4—|A+1] I'(c)
(e )
+(4—JA+1)) be —|B-A|| <|B-Al.
(lal=1)(b=1)(c 1)
jlfflfc-«—l (f)(z) Therefore, the operator J;-;—bf,ccﬁ-l (f)(z) maps Z(B) into .7, [A, B] and the result follows. O
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