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Legendre Polynomial Approximation. largely parametric and assume uncertain normal residuals, which often fail in practical

applications involving nonlinear and non-normal dynamics. To address these limitations,
we propose a nonlinear nonparametric uncertain autoregressive (NNUAR) model based
on multidimensional Legendre polynomial approximation. This approach leverages
tensor-product Legendre polynomials to nonparametrically capture nonlinear relationships,
with parameters estimated via least squares. A two-stage framework is developed to
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1. Introduction

Time series analysis has been widely applied in diverse fields such as infectious disease control and financial market analysis. Conventional
approaches rely on probability theory, treating observations as random variables governed by probability distributions. However, in many
real-world settings, uncertainty often arises not from stochastic randomness but from incomplete information, cognitive limitations, subjective
judgment, or unforeseen events, which do not satisfy frequentist assumptions.

To address such non-random uncertainty, Liu introduced uncertainty theory in 2009 [1], which models belief degrees through uncertain
measures rather than empirical frequencies. This framework has since been extensively developed and applied. Building on it, Yang and Liu
pioneered uncertain time series modeling [2], prompting numerous extensions. For example, Yang and Ni proposed an uncertain moving
average model via least squares estimation [3]; Xin et al. developed an uncertain autoregressive moving average model using maximum
likelihood estimation and applied it to financial markets [4]; Li and Wang employed an uncertain AR(1) model for urban water demand
forecasting [5]. These studies, however, focus exclusively on linear structures. More recently, Xie and Lio introduced the first nonlinear
uncertain time series model [6], and Zhang and Gao proposed a nonparametric spline-based additive autoregressive model for oil price
forecasting [7].
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Despite substantial progress in nonparametric and nonlinear modeling for classical time series [8—11], analogous developments remain
absent in uncertain time series analysis. Furthermore, all existing uncertain time series models assume that residuals follow an uncertain
normal distribution, an assumption frequently violated in practice. Critically, no existing method addresses how to proceed when this
assumption does not hold.

To bridge these gaps, we propose a two-stage Nonlinear Nonparametric Uncertain Autoreg Ressive (NNUAR) modeling framework based
on multidimensional Legendre polynomial approximation, drawing inspiration from recent Legendre-based approaches to uncertain regression
and differential equations [12—-14]. Using tensor products, we extend one-dimensional Legendre polynomials to the multidimensional case to
model the primary time series component. The lag order and polynomial truncation degree are selected via the cross-validation method
of Liu and Yang [15]. Following this, an uncertain normality hypothesis test is applied to the first-stage residuals. If the test indicates a
departure from uncertain normality, a second-stage model based on Legendre polynomials is fitted to the residuals to effectively remove
autocorrelation and temporal dependencies.

We apply the NNUAR model to two years of weekly closing prices of Ping An Bank. Hypothesis tests reject uncertain normality of the
first-stage residuals, while the second-stage residuals conform to uncertain normality, confirming the model’s adequacy.

The remainder of this paper is structured as follows. Section 2 presents the mathematical formulation of the NNUAR model and constructs
multidimensional Legendre polynomials via tensor products. Section 3 details the full modeling framework, including nonparametric
Legendre approximation, first and second order residual modeling, uncertain hypothesis testing, selection of lag and truncation orders, and
point and interval forecasting. Section 4 validates the approach through numerical experiments on Ping An Bank data. Section 5 concludes
with a summary of contributions.

2. Preliminaries

This section defines a generalized nonlinear nonparametric uncertain autoregressive time series and outlines the construction of multidimen-
sional Legendre polynomials via tensor products, along with relevant notation.

Definition 2.1. For a given lag order p, the nonlinear nonparametric uncertain autoregressive time series model is defined by the following
form:

Xl:f(Xl—17Xl—27'"7XI—[7)+8I7 (1)
where f: R” — R is an unknown (typically nonlinear) function and & are disturbance terms following an uncertainty distribution.

Legendre polynomials [,(x) satisfy the following differential equation:

% ((1 fxz)%ln(x)) +n(n+Di(x)=0, n=0,1,2,..., 2)

and can be efficiently computed via the recurrence:
(n+ 1) lpy1(x) = 2n+ Dxly(x) —nly—1(x), n>1, 3)
with lp(x) = 1, [; (x) = x. Legendre polynomials are orthogonal on [—1,1]:
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where §,,,, denotes the Kronecker delta. The orthogonality property making them suitable for L2-optimal function approximation.
Following [14], multivariate Legendre polynomials are constructed via tensor products to fit high-order time series models:

lo(x) = Iilai (1), 5)

where x € [-1,1]7, & = (0, ..., 0) is a multi-index, and [g, is the univariate Legendre polynomial of degree ¢;. For total degree at most d,
the number of basis functions is

d
K=(”;‘ ) ©)

which grows rapidly with p and d, necessitating small truncation orders for computational feasibility.
To define the design matrix in Section 3, we map multi-indices o to a one-dimensional index via

laf 1 pH+k—1
index(@) = Z ( k ) +lex_rank(c | |ot]), ()
k=0

where

p—la;—1 e s e
lex_rank (o | m) = Z Z ((m Szt ]).+(p ! 1)), (3)
=1 j=0 p—i-1

with so =0 and s; = Z};:l 0y.. The first term counts all basis functions of degree less than |a|; the second gives the lexicographic rank among
indices of equal total degree m = |c|. This bijection ensures a deterministic enumeration of the polynomial basis.
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3. Nonlinear Nonparametric Uncertain Autoregressive Time Series Model

In this section, we present a nonparametric approach for modeling nonlinear uncertain autoregressive time series using Legendre polynomial
approximations. Section 3.1 constructs an estimator for the unknown regression function via multivariate Legendre bases and estimates
coefficients using least squares. Section 3.2 analyzes residuals and proposes a second-stage model when residuals deviate from an uncertain
normal distribution. Section 3.3 introduces the uncertain hypothesis test to validate the residual model. Section 3.4 describes a cross-
validation procedure to select optimal lag orders and polynomial truncation degrees. Finally, Section 3.5 derives the predictive form of the
NNUAR model and its associated confidence intervals.

3.1. Nonparametric Polynomial Approximation

We model a time series {x,},T:1 as X; = f(X;—1,...,Xi—p) + &, where f is an unknown nonlinear function and & is an uncertain disturbance.
To estimate f nonparametrically, we approximate it by a finite linear combination of multivariate Legendre polynomials:

K
f(Xl717"'7Xl—[7) ~ Z 9k¢k(Xt*17"'7X1—[7)1
k=1

where ¢y, are product Legendre bases defined in Section 2. Since Legendre polynomials are orthogonal on [—1, 1], we normalize the data via
global min-max scaling:

§ =2 S tmin gy
Xmax — Xmin
Let X = (Xr—1,...,%—p) " and (%) = [1(%;),..., 0k (X)] . The least squares estimate of 6 = [6y,...,0¢] " minimizes ||y — P03, where
¢(ip+1)—r Xpt1

o(xr)" fr
Assuming @ @ is invertible, the solution is § = (®' &)~ '@y, yielding the estimated function f(x,) = ¢(x,) ' 8.

3.2. Residual Analysis and Second-Stage Modeling

The residuals & = x; — f (x¢) fort = p+1,...,T often exhibit autocorrelation and departures from normality, while previous work does not
account for these issues. To address this, we model the residuals as & = g(&_1,...,&_4) + &, where g is approximated using multivariate
Legendre polynomials up to degree r:

M
g(ét—]a"'aéffq) ~ Z nmq/m(éf—h"wé[*q)'

m=1

Input residuals are normalized to [—1,1]. Let & = (&_1,... ,é,_q)T, and construct design matrix ¥ € R(T—p—a)xM

2 € RT=P=4, The coefficient estimate is fj = (¥ T W)W, giving the refined fit:

and response vector

2000 — fx)+2(8) + &

3.3. Uncertain Hypothesis Test

We test whether residuals & follow an uncertain normal distribution ./ (&, &) using the method in [16], with

1 i 2 1 i 2
= — &, 6°=—o (& —eo).
T—p, 2o T=p,
The hypotheses are:

HO:SfNW(é,é-L H]:8[76</V(é\76-).
At significance level «, the rejection region is

W= {(ép+17...797‘) - more than a/(T — p) residuals lie outside [®~ ' (et/2),d ! (1 — a/Z)}} )

where ®~! (a)=é+ 6n\/§ In (%). If Hy is rejected, the second-stage model in Section 3.2 is applied; otherwise, the model is deemed
adequate.

3.4. Cross-Validation

We use fixed-origin cross-validation proposed by [15] to select optimal lag orders p, g and truncation degrees d, r. The series is split into
training (1 to 7') and testing (T + 1 to n) sets. For each candidate (p,d), the average testing error is

n

ATEr(p.d) = Y (- 7))

t=T+1

The optimal (p*,d*) minimizes ATE7 (p,d). The same procedure selects (g*,r*) for the residual model.
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3.5. Forecast Values and Confidence Interval

The final NNUAR model is X; = f(x;) + $(&/) + &, with & ~ 4 (é,6). The forecast for T 4 1 is

Xri1 = F(xr41) +8(Er41) +Erp1,

with point forecast E[X7 1] = (X7 1) +8(8r 1) +é. Since X7, | ~ 4 (fi,6) with fi as above, the a-confidence interval is

T l—«a -«

it ot (i)

4. Numerical Experiments

We apply the proposed NNUAR model to weekly closing prices of Ping An Bank from October 2023 to October 2025, sourced from the East
Money Choice Financial Terminal. Figure 1 displays the time series.
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Figure 1: Closing Prices of Ping An Bank (Weekly)

4.1. NNUAR Modeling Results

Following the methodology in Section 3, the first-stage NNUAR model selects lag order 4 and truncation order 5, yielding 126 Legendre
basis functions:

126
X =Y 60c(Xi1,. . X a)+ a0 ©)
k=1

The second-stage model, applied to residuals &, uses lag order 3 and truncation order 3, producing 20 basis functions:

126 20
X =Y 60c(Xi1, X a)+ Y MV, &3) + &0 (10)
k=1

m=1

Coefficient values are omitted due to their large number.
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4.2. Residuals Analysis
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Figure 2: First-stage Residuals Plot in Closing Prices Modeling

We select the 45th residual as a splitting point, dividing the residuals into two segments. As shown in Figure 2, the two segments exhibit
markedly different behaviors. To further substantiate this observation, we conduct a two-sample Kolmogorov—Smirnov (KS) test to assess
the homogeneity of the two residual segments. The test yields a KS statistic of 0.4935 and a p-value of 6.16 x 10~°, which is far below the
0.05 significance level. This provides strong statistical evidence that the left and right residual segments are drawn from distinct underlying
distributions, thereby necessitating a time series modeling framework based on uncertainty theory.
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Figure 3: ACF Plot of First-stage Residuals

As shown in Figure 3, the autocorrelations of the first-stage residuals at lags up to and including 3 all lie outside the 95% confidence interval,
indicating significant autocorrelation. This suggests that the residuals do not follow an uncertain normal distribution, as is commonly
assumed in other approaches. Moreover, in our experiments, cross-validation selects a lag order of 3 as optimal for the second-stage model,
which is consistent with the ACF analysis.

4.3. Uncertain Hypothesis Test

We test whether residuals follow an uncertain normal distribution. For first-stage residuals &, with estimated mean 0.0519 and variance
0.3173, the null hypothesis Hy : & ~ .47(0.0519,0.3173) is rejected due to 7 outliers exceeding the critical value of 4.9. For second-stage
residuals &, with mean —1.8523 x 10~!3 and variance 0.2191, only 3 outliers are detected, below the critical value of 4.75, so Hy is not
rejected. This confirms that the two-stage NNUAR model adequately captures the residual structure.

Finally, the NNUAR model yields a point forecast of 11.3493, with a 95% confidence interval of [11.3372, 11.3614], which is very close
to the true value of 11.3400.
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5. Conclusion

In this paper, we propose a nonlinear nonparametric uncertain autoregressive (NNUAR) model based on multidimensional Legendre
polynomial approximation, which avoids pre-specified functional forms and distributional assumptions. A second-order modeling strategy is
introduced to handle non-normal uncertain residuals, enhancing robustness. Experiments on the weekly closing prices of Ping An Bank over
the past two years show that the NNUAR model effectively captures complex nonlinear dynamics.
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